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Abstract

Analyzing observational data from multiple sources can be useful for increasing statistical
power to detect a treatment effect; however, practical constraints such as privacy considera-
tions may restrict individual-level information sharing across data sets. This paper develops
federated methods that only utilize summary-level information from heterogeneous data sets.
Our federated methods provide doubly-robust point estimates of treatment effects as well as
variance estimates. We derive the asymptotic distributions of our federated estimators, which
are shown to be asymptotically equivalent to the corresponding estimators from the combined,
individual-level data. We show that to achieve these properties, federated methods should be
adjusted based on conditions such as whether models are correctly specified and stable across

heterogeneous data sets.
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1 Introduction

There are many settings where the same treatment is applied in different environments and where
the data sets are stored separately for each environment. It would often be beneficial, if possible, to
pool data across environments to estimate treatment effects (e.g., when the sample size in any one
data set is too small to obtain precise estimates). However, there may be constraints preventing
the combination of the data sets (e.g., legal constraints, privacy concerns, proprietary interests, or
competitive barriers). Therefore, it is useful to develop analytical tools that can reap the benefits
of data combination without actually pooling the data. Methods that accomplish this while sharing
only summary-level information across data sets are referred to as “federated” learning methods.
In this paper, we develop federated learning methods tailored to the problem of causal inference.
The methods allow for heterogeneous treatment effects and outcome models across data sets, and
we provide theoretical guarantees that our methods perform as well asymptotically as if the data
sets were combined.

We apply these methods to a problem previously studied by Koenecke et al. (2021), who found
evidence in two separate medical claims data sets that exposure to alpha blockers (a class of
commonly prescribed drugs) reduced the risk of adverse outcomes for patients with acute respiratory
distress. The two data sets are heterogeneous, with records from one data set reflecting more elderly
patients and spanning a longer time horizon than the other data set. We apply the methods of
this paper to combine the point and variance estimates from heterogeneous data sets, narrowing
the confidence interval for these drugs’ effects.

Multiple streams of literature study methods to analyze data from multiple sources, but most
studies focus on pooling point estimates. However, studies of methods to pool confidence inter-
vals are very limited and restricted to specific models. In machine learning, early developments
provide methods to combine point estimates in linear models (Du et al., 2004, Karr et al., 2005),
logistic models (Fienberg et al., 2006, Slavkovic et al., 2007), and maximum likelihood estimators
(Blatt and Hero, 2004, Karr et al., 2007, Zhao and Nehorai, 2007, Lin and Karr, 2010) across
distributed information systems, with most methods being iterative. Recent advances, mainly in
federated learning, aim to develop communication-efficient methods to optimize the parameters
in a more complex machine learning model such as deep neural networks, with a special focus on
heterogeneous data sets and privacy considerations (Koneény et al., 2016, McMahan et al., 2017, Li
et al., 2020). Importantly, statistical inference is not a primary consideration in the aforementioned
literature.

In biomedical studies, methods in meta-analysis and meta-regression analysis provide a weighted
average from the results of the heterogeneous individual studies, where the weights take into account
the uncertainties in the point estimates (e.g., inverse-variance weighting (DerSimonian and Laird,
1986, Whitehead and Whitehead, 1991, Sutton and Higgins, 2008, Hartung et al., 2011)). There is
often only a single parameter of interest in meta-analysis and a linear functional form imposed in
meta-regression analysis. Recent studies develop privacy-preserving methods to pool the summary-

level information across multiple studies for broader classes of models such as linear models (Toh



et al., 2018, Li et al., 2019, Toh et al., 2020), logistic models (Li et al., 2016), Poisson models (Shu
et al., 2019), and GLM (Wolfson et al., 2010)); only a few of these studies provide pooling methods
for confidence intervals, but they are restricted to specific models and lack asymptotic theory for
the pooling methods (e.g., Poisson models (Shu et al., 2019) or Cox models (Shu et al., 2020)).
There has been a growing literature surrounding the development of causal inference methods for
multiple data sets collected under heterogeneous conditions (e.g., Peters et al., 2016, Bareinboim
and Pearl, 2016, Rosenman et al., 2018, 2020, Athey et al., 2020, Rothenh&usler et al., 2021). Vo
et al. (2021) is most relevant to our paper and focuses on preserving data privacy by using Gaussian
processes to model potential outcomes.

In this paper, we develop three categories of federated methods based on asymptotic theory
that can combine the point and variance estimates from heterogeneous data sets. Our goal is to
provide categories of methods that are applicable to a broad class of model specifications and are
robust to outcome model misspecification.

Our first category of federated methods is for the point and variance estimates from MLE
(which we refer to as “federated MLE”); this is used to develop the second and third categories of
federated methods that achieve our aforementioned goal.! Our federated methods are based on the
asymptotic theory of MLE (White, 1982). When the model is stable, our federated point estimate
from MLE coincides with that from existing pooling methods for MLE (Blatt and Hero, 2004, Karr
et al., 2007, Zhao and Nehorai, 2007, Lin and Karr, 2010). We additionally provide comparisons
between our federated variance estimates and the prior literature to account for whether the model
is misspecified. Moreover, when the model is unstable, our federated MLE is based on an adjusted
pooled model for multiple data sets. Compared to the prior literature, we provide novel asymptotic
theory for our federated MLE, which is required for the development of our second and third
categories of federated methods.

Our second category of federated methods—which we believe to be particularly useful in em-
pirical applications—is based on the Inverse Propensity-Weighted Maximum Likelihood Estimator
(IPW-MLE), which uses the inverse of the estimated propensity score to construct weights for the
likelihood function and to balance the covariate distribution across treatment and control groups.
IPW-MLE meets our objectives and enjoys the doubly robust property in that it is consistent if we
observe all relevant covariates and confounders, and either the propensity model or the outcome
model is correctly specified (Bang and Robins, 2005, Wooldridge, 2007, Austin and Stuart, 2015).

Developing federated methods for IPW-MLE is underexplored in the literature and is challeng-
ing for three reasons. First, IPW-MLE involves both the propensity and outcome models, so the
federated methods for IPW-MLE require theoretically guaranteed methods to federate both the
propensity and outcome models. Second, many conditions can affect the federation of propensity
and outcome models, such as whether the propensity model is known and whether the propensity
and outcome models are correctly specified and stable (i.e., having a homogeneous response of out-

come/treatment to confounders) across data sets. Third, if the propensity model is estimated, the

!Federated MLE on its own does not achieve our goal as it is not a doubly robust method.



federated method must take into account the propensity model’s estimation error when estimating
the outcome model from IPW-MLE (Wooldridge, 2002, 2007); however, this estimation error is
often overlooked in practice, even in the setting of a single data set (e.g., in the standard svyGLM
package in R), leading to an overestimate of variance and a loss of efficiency.

We overcome these challenges and provide federated methods for IPW-MLE, which we refer to
as “federated IPW-MLE.” We focus on the case in which the propensity model is estimated from
MLE, allowing us to use our federated MLE method for the propensity model. We then develop
federated methods for the outcome model estimated from IPW-MLE; these methods are based on
the asymptotic theory of IPW-MLE with a single data set (Wooldridge, 2002, 2007). Our federated
IPW-MLE also varies with conditions such as whether the propensity and outcome models are
correctly specified and stable across data sets.

Let us revisit the example in Koenecke et al. (2021) to illustrate our federated IPW-MLE. We fit
an IPW logistic regression model for each data set separately to estimate the effect of alpha blockers
on preventing a patient suffering from acute respiratory distress from progressing to mechanical
ventilation and then death. We consider two federated methods: one is our federated IPW-MLE,
and the other is inverse variance weighting (IVW). IVW is commonly used in meta-analysis, and
it is an appropriate method for (equally weighted) MLE assuming the outcome model is correctly
specified and stable across data sets. Figure 1 shows the coefficient for alpha blocker exposure
on two separate data sets as well as the federated coefficient from two federated methods. The
federated coefficient from our federated IPW-MLE method lies between the coefficients estimated
separately on two data sets, while the federated coefficient from IVW lies outside this interval,
contradicting our intuition as we expect the federated coefficient to measure the average effect of
alpha blockers across all patients in both data sets.? 3

Our third category of federated methods is based on the Augmented Inverse Propensity Weighted
(AIPW) Estimator (which we refer to as “federated AIPW”). AIPW also meets our objective and
enjoys doubly robust properties (Robins et al., 1994, Kang et al., 2007, Tsiatis and Davidian,
2007). We focus on the case in which both the propensity and outcome models are estimated
from MLE so that our federated MLE can be used as a building block to develop the federated
methods for AIPW. We show that, similar to federated IPW-MLE, we need different federated
methods for AIPW depending on whether the propensity and outcome models are stable across
data sets. For empirical analyses, we focus on our federated IPW-MLE method over our federated
AIPW method because their resulting metrics are not directly comparable—in particular, AIPW

produces a measure based on ATE/ATT which is less intuitive to interpret.

2The main reason for the federated coefficient from IVW to lie outside this interval is that we have heterogeneous
coefficients and variance-covariance matrices across datasets, which happens when different datasets have different
populations. Consider a simplified example where we only have treatment and age in the outcome model. Assume we
find that the age coefficient has opposite signs in the two data sets, and the covariance between estimated coefficients
of treatment and age has opposite signs (which is the case on MS and Optum; see Figure 10 for age coefficients).
Then, the federated treatment coefficient from IVW could lie outside the interval between treatment coefficients on
two data sets. See Appendix B.1 for a numerical example.

3Similar analysis on an additional cohort of patients is provided in Figure 9 in Appendix B.



Figure 1: Coeflicient of the Exposure to Alpha Blockers

ARD Cohort

Source Estimate (CI)

MarketScan -0.673 (-1.286 -0.060)

Optum -0.018 (-0.495  0.458)

IVW -0.767 (-1.048 -0.486) —
Federated IPW-MLE -0.280 (-0.647  0.087) _—
-1.2-1.0-0.8-06 -04-0.2 0.0 0.2 04
6a—blocker

Coefficient of the exposure to alpha blockers in an inverse propensity-weighted logistic regression to model the
probability of progression to mechanical ventilation and then death of inpatients with acute respiratory distress.
The top two lines show the estimated coefficient and 95% confidence interval on the IBM MarketScan@®Research
Database (which we refer to as MarketScan) and on Optum’s Clinformatics®Data Mart Database (which we refer
to as Optum). The third and fourth lines correspond to the federated coefficient and 95% confidence interval
of MarketScan and Optum from inverse covariance-matrix weighting (i.e., IVW) and from our approach (i.e.,
unrestricted federated IPW-MLE), respectively. The federated coefficient from IVW contrasts with our expectation
as its absolute value is larger than those on MarketScan and Optum. On the other hand, our approach provides a
more reasonable pooled estimate, where the federated coefficient lies between those from MarketScan and Optum,
and the confidence interval is narrower than those from MarketScan and Optum.

Our proposed methods improve upon the prior literature in two ways: first, the estimators
are simple to use, and second, we have guarantees provided by asymptotic theory. Starting with
ease of use, our federated estimators of the treatment effect and the associated variance do not
require iteratively sharing summary-level information across data sets, which may be cumbersome
or prohibitive; rather, the methods require only one-way, one-time sharing of summary-level in-
formation from each data set. In contrast, because there does not exist an explicit formula to
estimate parameters in nonlinear models, prior work? suggests using an iterative approach based
on the Newton-Raphson method for nonlinear models.> Second, we develop asymptotic theory for
our federated point and variance estimators. All three categories of federated estimators (MLE,

IPW-MLE, and AIPW) are efficient, consistent, and asymptotically normal. They all enjoy the
1/2

pool
estimators using the combined, individual-level data, where ny,,1 is the number of observations on

optimal n convergence rate and have the same asymptotic distribution as the corresponding
the combined data. Our federated variance estimators are consistent estimators for the asymp-
totic variances of the estimators on the pooled data. As such, we have proposed a feasible and
simple approach to constructing valid confidence intervals for the pooled data without sharing

individual-level information.

4For example, the federated estimators in logistic models (Fienberg et al., 2006, Slavkovic et al., 2007, Li et al.,
2016), Poisson models (Shu et al., 2019), and MLE (Blatt and Hero, 2004, Karr et al., 2007, Zhao and Nehorai, 2007,
Lin and Karr, 2010, Snoke et al., 2018).

5An iterative approach can provide estimators that are closer to those from the pooled individual-level data.
However, we show that, asymptotically, the difference between iterative and non-iterative approaches is a higher
order term that can be neglected. Therefore, we suggest a non-iterative approach.



The rest of the paper is organized as follows. Section 2 introduces the model and discusses
the relevant covariate and model considerations/conditions for our federated estimators. Section 3
presents the details of our three federated point estimators and corresponding variance estimators
under various conditions. The asymptotic distribution results for our federated estimators are
provided in Section 4. In Section 5, we suggest a generalized federated analysis pipeline for empirical
studies and apply it to study the two separate databases considered in Koenecke et al. (2021). We

conclude in Section 6.

2 Model, Assumptions, and Preliminaries

In this section, we begin by stating the model setup and estimands for individual data sets in Section
2.1. Next, we review three widely used estimation approaches (MLE, IPW-MLE, and AIPW) on a
single data set in Section 2.2. These three estimation approaches form the basis for our federated
estimators, which will combine the summary-level information on individual data sets, and seek to
obtain asymptotically equivalent estimates as these three approaches on the combined, individual-
level data. Then, we list the covariate and model conditions that affect our federated estimators in
Section 2.3. Finally, in Section 2.4, we state the three weighting methods to combine summary-level
information that are used in our federated point and variance estimators. All of the matrices in

the expression of the asymptotic variance for MLE and IPW-MLE are summarized in Table 1.

2.1 Model Setup

Suppose we have D data sets, where D is finite. For each data set k € {1,---, D}, we have ny
observations (ng), Yi(k), Wi(k)) € X x R x {0,1} that are drawn i.i.d. from some distribution P*),
and let npoel = Zil ng be the total number of observations. Here, i € {1,--- ,n;} indexes the

)

subjects (e.g., patients), ng) is a vector of dj observed covariates, Yl-(k is the outcome of interest,
I/Vi(k) is the treatment assignment, and X3 C R%. The number of covariates dj, can vary with data
sets. Even if dj, is the same for all k, the covariates themselves could be different across data sets.

Under the Neyman-Rubin potential outcome model and the stable unit treatment value as-
sumption (Imbens and Rubin, 2015), let (Yi(k)(O),Y;(k)(l)) be the outcome that subject i would
have experienced if it had (Yi(k)(l)) or had not (Yi(k) (0)) been assigned treatment. For each data

set k, suppose the standard unconfoundedness assumption (Rosenbaum and Rubin, 1983)
0, vy L wHx®,

holds, and the overlap assumption (Rosenbaum and Rubin, 1983) for the propensity score e*) (x) =
pr(W" = 1X" = x),
n<ePx)<1-n VxeX,

holds for some n > 0. For each data set k, we define the average treatment effect (ATE, denoted



(k)

as Téfe)) and average treatment effect on the treated (ATT, denoted as 7, ) as

k k k k k k k
e = EYY () -y 0), o) =ErY Q) - vP 0w = 1. (1)
Our federated estimators seek to estimate the ATE and ATT on the combined, individual-level

data.

2.1.1 Parametric Models

In this paper, we primarily focus on the cases where the outcome and propensity models are para-
metric as stated in Conditions 1 and 2 below. In medical applications, parametric outcome models
are widely used (e.g., logistic regression for estimating the odds ratio in an epidemiological study
(Sperandei, 2014), Cox regression for survival analysis in a clinical trial (Singh and Mukhopadhyay,
2011), and generalized linear models (GLM) for assessing medical costs (Blough et al., 1999, Blough
and Ramsey, 2000)). To estimate the propensity model, one of the most common approaches is to
use a logistic model (e.g., Imbens and Rubin (2015), Ch. 13). Moreover, the estimated parametric
outcome and/or propensity model can then be used as the input in the estimation of ATE and
ATT.

Condition 1 (Parametric Outcome Model). For any data set k, the conditional density function

flylx,w) follows a parametric model, denoted as f(y|x,w,B) with parameters B and their true
values B(()k).

Condition 2 (Parametric Propensity Model). For any data set k, the conditional treatment prob-
ability P(w = 1|x) follows a parametric model, denoted as e(x,7y), with parameters ~y and their true

values 'y(()k) .

We can estimate the parameters in the parametric outcome or propensity model by maximizing
the (weighted) likelihood function that is presented for completeness in Section 2.2. Our federated
estimators seek to estimate parameters 3 and ~ in the outcome and propensity models on the
combined, individual-level data by combining estimates on individual data sets.

The following assumption is necessary to show the MLE is consistent and asymptotically normal
(e.g., Newey and McFadden (1994)).

Assumption 1 (Parametric Outcome and Propensity Models).

1. Condition 1 holds. For any k, X, is bounded. f(y|x,w,B) is twice continuously differentiable.

,Bék) € Sék) C R¥&+1 lies in the interior of a known compact set Sék). The information matrix
(k) (B) = —E(x@’y)wp(k) [W} 18 positive definite, is of full rank, and its condition
number is bounded for all 3.

2. Condition 2 holds. For any k, Xj is bounded. e(x,7y) is twice continuously differentiable.

')/(()k) € Sgk) C R&*L lies in the interior of a known compact set Sﬁ,k). The information
92 log e(x,7)

vy T } s positive definite, is of full rank, and its condition

matriz ) (v) = —E(xw)wp(k) [

number is bounded for all ~y.



2.2 Estimation on a Single Data Set

In this subsection, we review three estimation approaches (MLE, IPW-MLE, and AIPW) on a
single data set. The estimates from these three approaches on the combined, individual-level data,
which can be viewed as a single data set, are the values that our federated MLE, IPW-MLE, and
ATPW estimators seek to produce.

2.2.1 Maximum Likelihood Estimation

Under the parametric outcome model (Condition 1), the conditional likelihood function of the
outcome on each data set can be factorized, since observations are independently and identically
distributed. That is,

n

En(/@) :f(ylv ayn‘xla" Ly Xp, W1, ’wnvﬁ) = Hf(yl|xlawzvﬁ)

=1

The corresponding log-likelihood function with the natural logarithm is

€,(8) = log f (yilxi, wi, B). (2)

=1

The estimator Bmle maximizes the log-likelihood function. That is,
Brnle = argénax £,(3). (3)

Under the parametric propensity model (Condition 2), we can analogously estimate the parameters

~ in the propensity model by MLE.

2.2.2 Inverse Propensity-Weighted Maximum Likelihood Estimation

Under Condition 1, an alternative approach to estimating 3 in the outcome model is to use the In-
verse Propensity-Weighted Maximum Likelihood estimator (IPW-MLE, or pseudo/weighted max-
imum likelihood estimator). Inverse propensity weighting dates back to Horvitz and Thompson
(1952) to estimate the population mean when data is nonrandomly missing, and has been exten-
sively studied and used thereafter to address a variety of sample selection problems (e.g., Robins
et al. (1995), Robins and Rotnitzky (1995), Hirano et al. (2003)), including those inherent in es-
timating ATE and ATT. IPW-MLE is motivated by doubly robust estimators in causal inference
(Bang and Robins, 2005, Kang et al., 2007) using the following objective function with the natural

logarithm:

en(ﬁ7é) = Zwi,é 10g f(yz’quu,B)a (4)

i=1



where w; ¢ is the weight for unit ¢ and é is the abbreviation of é(x;) (i.e., the estimated e(x;)). For

example, if w; s = %XZZ) + %&2), then w; ¢ is the ATE weight; if w; ¢ = w; + 1522;5 (1 —w;), then

wie is the ATT weight. Let Bipw-mle be the solution that maximizes the weighted log-likelihood
function (4),

/éipw—mle = argglax en(ﬂv é) (5)

Bipw_mle has a general double robustness property in that Bipw_mle is consistent if (a) we have
observed all relevant covariates and (b) at least one of the propensity and outcome models is
correctly specified (Wooldridge, 2007, Lumley, 2011). When we are worried about the outcome
model misspecification, IPW-MLE could be preferable to MLE as MLE could be inconsistent. Not
surprisingly, the double robustness property comes at a cost: Bipw_mle could be less efficient than

Bmle if the outcome model is correctly specified.

2.2.3 AIPW Estimation

To estimate Tate Or Tot defined in Eq. (1), we can use the augmented inverse-propensity weighted
(AIPW) estimator that takes the form

. 1 Z” ;
Taipw :ﬁ ¢(Xza Wi, Y;), (6)
i=1

where qg(Xl, W;,Y;) is the score. If the estimand is Tate,

X Wi

) ) 1-W;
(X, Wi, Yi) =fu1)(Xi) — fio)(Xi) + e(X,) : :

S 1-e(Xy)

(Yi — i) (X)) (Yi — o) (X4)),  (7)

where p(,) (X;) = E[Y;| Xy, Wi = w] and fi(,)(X;) is the estimated j1(,,)(X;). If the estimand is 7att,

e(Xq)(1 = W;)

O(Xi, Wi, Yi) =Wi(Yi = fign) (Xs)) — 1—é(X;)

(Yi = fu0y(Xs))- (8)
AIPW has two prominent properties. First, similar to IPW-MLE, AIPW is also doubly robust
(Robins et al., 1994, Scharfstein et al., 1999, Bang and Robins, 2005, Kang et al., 2007, Tsiatis and
Davidian, 2007). Second, AIPW is semiparametric efficient, and its asymptotic variance depends
on whether the propensity and outcome models are correctly specified. Lemma 2 in Section 4.3

provides the expressions for asymptotic variance under various cases.

2.3 Covariate and Model Considerations in Federated Estimators

Our federated point and variance estimators are based on the three estimators (MLE, IPW-MLE,
ATPW) described in Section 2.2 and aim to obtain asymptotically equivalent estimates to the

corresponding estimates on the combined, individual-level data. Our federated estimators combine



the summary-level information on individual data sets. To achieve the asymptotic equivalence

properties, the methods for federation need to vary based on the multiple conditions listed below.

Condition 3 (Stable Covariate Distribution). The set of covariates and their joint distribution
are the same across all data sets. That is, d; = dj, and PU)(x) = P*)(x) for any two data sets j
and k.

Condition 4 (Known Propensity Score). For all data sets, the true propensity scores are known

and used to estimate parameters in the outcome model.

Condition 5 (Stable Propensity Model). For all data sets, the set of covariates and their associated

parameters in the propensity model are the same. That is, 'y(()j) = '7ék) for any two data sets j and

k.

Condition 6 (Stable Outcome Model). For all data sets, the set of covariates and their associated

parameters in the outcome model are the same. That is, 6(()j) = ,Bék) for any two data sets j and k.

Condition 7 (Correct Propensity Model Specification). For all data sets, the propensity model is
correctly specified in the estimation. There are no omitted covariates, and the functional form of

each covariate is correct.

Condition 8 (Correct Outcome Model Specification). For all data sets, the outcome model is
correctly specified in the estimation. There are no omitted covariates, and the functional form of

each covariate is correct.

We refer to heterogeneous data sets as the case where Condition 3 is violated. As a preview
of our federated estimators provided in Section 3, our federated point estimators depend only on
whether Conditions 4, 5, and 6 hold, while our federated variance estimators depend on Conditions
4 through 8. Our federated estimators work for both homogeneous and heterogeneous data sets
(whether Condition 3 holds or not), and Condition 3 alone does not directly affect what our
federated point and variance estimators look like. However, Conditions 5 and 6 are more likely to
be violated when Condition 3 is violated, resulting in different federated estimators. Moreover, when
Condition 3 is violated, we require stronger technical conditions to provide theoretical guarantees
for our federated estimators. For example, we require that the relative sizes of the data sets grow at
the same rate, as stated in Assumption 2 below, so that the asymptotic variances of the estimators

on the pooled data are well defined.

Assumption 2 (Sample Size). For any data set k, there exists a py bounded away from 0 and 1,

. n D
such that limy, ... npH—oo T:ol = Dk, where Npool = D g M-

2.4 Three Weighting Methods

Our federated point and variance estimators combine summary-level information across data sets

using the following three weighting methods.



2.4.1 Hessian Weighting

Hessian weighting is used in the federated point estimators of the parameters in the parametric
outcome and/or propensity model. For example, for the coefficients of the outcome model, we refer

to Hessian weighting as

D -1, D 20, (B0
afed _ (k) ) 5k g _ 074, (B)

k=1

For the coefficients of the propensity model, we replace B(k) and ﬂgc) by ’y(k) and IA{.(Yk), respectively,

in Eq. (9).

2.4.2 Sample Size Weighting

Sample size weighting is used in the federated point estimators of T,te and 7Tat¢, and almost all of
the federated variance estimators (see more details in Tables 2-4). For some generic matrix M, we

refer to sample size weighting as

D D
MUk M®*) where Npool = Z Ng. (10)
k=1

Mfed _

=1 N pool

2.4.3 Inverse Variance Weighting

Inverse variance weighting (IVW) is used in the federated point and variance estimators of Tyt and
Tatt- For some generic point estimator & (which could be either a scalar or vector), we refer to

inverse variance weighting as
D Ly D R -
pled — ( Z(V,,k))_l) (Z(V,‘f”)*ﬂ“) . where V) = Var(p®) (11)

D
VL =g ( S (VEN ) (12)

Note that V,(,k) scales with 1/ny, consistent with the definition of variance in inverse variance
weighting in meta analysis (e.g., DerSimonian and Laird (1986), Hartung et al. (2011)). On the
other hand, Vf,ed does not scale with the sample size 1,001, Which simplifies the notation in the
presentation of the asymptotic results of our federated estimators in Section 4 (e.g., the consistency
of Vied),
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Table 1: A Summary of Matrices in the Asymptotic Variance of MLE and IPW-MLE

ogB

Matrix ‘ Expression ‘ Matrix ‘ Expression
T o[-
Bg ‘ E[Blog f(ayglx,wﬂ) (Blog f(g;ﬁlx,wﬁ))T] ‘ B, ‘ E[Blog;‘ixw) (Blogaeéx,'v))T]
ATE weighting wi,e, = i + i | ATT weighting @i, = w; + T2t (1 - w;)
e | el Tee] | ae | At
|

2
1-w \? dlog f(ylx,w,B)  (dlog f(ylx.w.B))T
Do | E[( +1=2) (st T] o

€ —w) 2 o X, W, og xX,w,
Do ‘ ]E[(w+ 1t )) 61gf59yﬁli B).(Blgf(g/[\’ ﬁ))T]

w —w 3t X, W, a1l X, T — 23t X, W, 2t X, T

Cae | E[( — uts) 2ot (o) ] | G | B[ gy skt (2lsgaon) 7]
(1-w) dlog f(y|x,w,B) Al (x,7)

Comn | B[(2 — i) Heslfpemtt  (Peag

)]

In the definitions of these matrices, ey denotes e~(x;) = e(x;,7) by a slight abuse of notation.

3 Three Federated Estimators

We refer to the federated estimators based on MLE, IPW-MLE, and AIPW as federated MLE,
federated IPW-MLE, and federated AIPW, respectively. Our main focus is the doubly robust
federated methods—IPW-MLE and AIPW—but we first introduce the federated MLE on which
federated IPW-MLE and ATPW are built. For each category of federated estimator (federated MLE,
IPW-MLE, or AIPW), we start with the simple case in which the propensity and outcome models
are stable (Conditions 5 and 6 hold). In this case, it is natural to use the model for the combined,
individual-level data that has the same functional form and model parameters as those for each
individual data set, since the functional form and model parameters are the same across individual
data sets. We refer to our federated estimators in this case as restricted federated estimators.
Our restricted federated estimators leverage the invariant functional form and parameters and, as
will be shown in Section 4, they are efficient and asymptotically equivalent to the corresponding
estimators from the combined, individual-level data.

Next, we generalize our restricted federated point and variance estimators to the more challeng-
ing case in which at least one of the propensity and outcome models is unstable (either Condition
5 or 6 is violated). Our federated estimators in this case are referred to as unrestricted federated
estimators, which are built on the corresponding restricted federated estimators, and allow for pa-
rameters and their values in the propensity or outcome models to be specific to individual data
sets.

Flowcharts to represent how our federated point and variance estimators vary with various
conditions are provided in Figures 2-6, with more details about our federated estimators provided

in Tables 2-4. The theoretical guarantees of our federated estimators are deferred to Section 4.
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3.1 Federated Maximum Likelihood Estimator
3.1.1 Restricted Estimator for Stable Models (Conditions 5 and 6 hold)

Our federated MLE works for both parametric outcome (Condition 1) and parametric propensity
(Condition 2) models. In this subsection, we illustrate how our federated MLE works using the
outcome model. Our federated MLE works in the same fashion for the propensity model.

For the restricted federated point estimator, we first estimate parameters Br(fl)e using MLE for
(k)

e across all data sets.

each individual data set k and then use Hessian weighting (9) to combine B
This procedure is the same regardless of whether the covariate distribution is stable (Condition 3)
or whether the outcome model is correctly specified (Condition 8), as shown in Table 2.

Our proposed restricted federated variance estimator is based on the expression of the asymp-
totic variance of a single data set since we seek to obtain asymptotically equivalent variance as that
from the combined, individual-level data. The asymptotic variance of a single data set, such as
the combined, individual-level data, varies with whether the (outcome) model is correctly specified
(White, 1982). If the model is misspecified, the asymptotic variance is Vg = AnggAgl (also
known as the “sandwich formula”), where the definition of Ag and Bg can be found in Table 1. On
the other hand, if the model is correctly specified, then the information matrix equivalence holds
(i.e., Bg = Ap), and the asymptotic variance is simplified to Vg = A;il (referred to as the “simpli-
fied formula”). The federated variance estimator consists of three steps: first, estimate Agc) (and

)

Bgﬂ if necessary) on each individual data set k; second, combine Agc) (and BgC if necessary) across

all data sets via sample size pooling (10) to estimate the pooled Afﬁecl (and B,fé’d if necessary); third,
return (A%d)*1 as the pooled variance if the model is correctly specified and (Afﬁed)*1B,f6‘3d(Af§d)*1

otherwise.

3.1.2 Unrestricted Estimator for Unstable Models (Either Condition 5 or 6 is vio-
lated)

In this subsection, we use the outcome model as an example to illustrate our federated maximum
likelihood estimator under unstable outcome models (i.e., Condition 6 is violated), but the estimator
works similarly for the unstable propensity model (i.e., Condition 5 is violated).

When the outcome model is unstable, but there are some shared parameters across data sets,
federating outcome models can still increase the precision of the shared parameters in the estima-
tion. Therefore, for each data set k, we separate the shared parameters from the dataset-specific
parameters. That is, 3*) = (ﬂg, ﬂgjg)), where S is the set of indices in B*) that are shared (i.e.,

the corresponding entries in B%) have the same value) across all data sets and S,E is the set of
indices with dataset-specific parameters.® For example, in medical applications such as Koenecke
et al. (2021), Bs could incorporate the coefficient of the treatment that we want to estimate as

precisely as possible, while nuisance variables such as dummy variables for non-overlapping fiscal

5As a special case, if S,E = () for all k, then the outcome model is stable across data sets, but in many applications,
SE £ () for some k.
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Figure 2: Flowchart for Federated Maximum Likelihood Estimator and Variance

Federated
MLE

Model is
stable?

YES.

Coefficients: Hessian weighting
with dataset-adjusted coefficients
and Hessians (MLE #3)

Coefficients: Hessian
weighting (MLE #1, #2)

Model is
misspecified?

Model is
misspecified?

Variance: Sample size Variance: Sample size Variance: Sample size Variance: Sample size

weighting for matrices in weighting for the matrix weighting with dataset-adjusted weighting with the
the sandwich formula in the simplified formula matrices in the sandwich dataset-adjusted matrix in the
(MLE #2) (MLE #1) formula (MLE #3) simplified formula (MLE #3)

This flowchart shows the procedure to federate coefficients and variance for either the propensity or outcome model
based on MLE. The left and right branches of the “Model is stable?” node correspond to the restricted and
unrestricted federated MLE methods, respectively. More details are provided in Sections 3.1.1 and 3.1.2, and in
Table 2 (where MLE #1-3 correspond to the three columns in Table 2). Theoretical guarantees are provided in
Section 4.1.

years in different data sets could be in B M7 Our federated point estimator aims to combine the
estimated Bg across all data sets so that We can increase the statistical power to estimate Bg, while
leaving the data set-specific parameters ﬂ( S0 as they are in the federated estimator.

In the outcome model of the combined, individual-level data, we have a larger set of parameters
Brocl = (Bs, B S0 SC’ N ¢ ) . For the simplicity of presenting our unrestricted estimator, we
assume there are no shared parameters across only a subset of data sets, but our estimator can be

easily generalized to the opposite case.?

pool ysing only the summary level information as shown

There are three steps to estimating 3
in Figure 3. The procedure is closely connected to the restricted federated MLE, with the first

and third steps being identical. The difference is the addition of the second step compared to the

"In more detail, the first data set in Koenecke et al. (2021) includes patient data from fiscal year 2004 through
2016, and the second one includes patient data from fiscal year 2004 through 2019. We include dummy variables for
fiscal year, so for the second data set 35 £ .

81f there are some shared parameters across several but not all data sets, we would just need to combine these
parameters in BP°°!. For example, if ﬂgc) and ﬁg;) are the same for some data sets j and k, then we merge ,ng and

Bl in greet,
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Figure 3: Flowchart for Federated MLE with Potentially Unstable Outcome Model

Outcome
model is
stable?

Estimate individual
outcome models
from MLE

Federate individual
outcome models
via Hessian pooling

Split shared and
dataset-specific
parameters; generate
zero padding
parameter vector and
Hessian matrix

This flowchart summarizes the restricted federated MLE in Section 3.1.1 (“YES” at the decision node implies
Condition 6 is satisfied), and the unrestricted federated MLE in Section 3.1.2 (“NO” at the decision node implies
Condition 6 is violated).

restricted federated estimator. First, we estimate 3*) = (65, ,Bg?) by MLE for each individual
k

data set k. Second, we pad the estimated B(k) with zeros to construct a larger vector, denoted as
Brad(k) such that (a) BP*4(*) has the same dimension as BP°°! and (b) the parameters that are
relevant to data set k are aligned in Bpad’(k) and BP°°!. We pad the Hessian flgg) with zeros in the
same manner. In the case with no shared parameters across only a subset of data sets, Bpad’<k) and
ﬂgc) take the form of

~(k (k) (k)
ﬁ‘(s : Hﬁsﬁs 0|S|x5f*1 Hﬁs,ﬁsc 0|S|XS,?+1
goa _ | Osiaa | geaag _ | Ostoiaast Ostoestot Ostooesy Ostoiesp,
B(k) ’ B I:I(k) 0 k I:I(k) Ock oD ’
st Bt Bs Skx gt Bt Bt SExSP,
O5p1x1 05, sl Osp xst-t Osp xsp Osp xsp,
(13)
jo _ 2 (0| {R) 9%, (BS)) () _M_(w )T g _
where 55 = 2202 1571 B s = 550 ol Hossse = aaPloaty ~ (Magess) Hagsys =

0%, (BY) . e
W, and Oy, xpn, represents an n; X ng matrix of zeros for any positive integers nj and ns.
S SB
(k)

The last step is to use Hessian weighting (9), where the Hessian is ﬂﬁs s
There are also three steps to estimating the unrestricted federated variance. The procedure
connects to the restricted federated variance estimator in a fashion similar to the federated point

estimator. We first estimate AgC) (and Bgc) if the outcome model is misspecified, i.e., Condition

8 is violated). Next, we pad Agg) (and Bg) if necessary) in the same manner as ﬂg) to obtain
Agad’(k) (and Bgad’(k) if necessary), as shown in Eq. (13). Finally, we use sample size weighting
(10) to combine A%ad’(k) (and Bgad’(k) if necessary).

As a caveat, for the stable outcome model (Condition 6), we could artificially treat some shared
parameters as dataset-specific parameters and use the unrestricted federated estimator proposed

in this subsection. However, we do not suggest doing so because a flexible pooled outcome model
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Table 2: Federated Maximum Likelihood Estimator

Description Assume Stable Outcome | Assume Stable Assume Unstable

Model (MLE #1) Misspecified Outcome Outcome Model
Model (MLE #2) (MLE #3)

Stable Covariate yes or no yes or no yes or no

Distribution

Stable Outcome Model yes yes no

Correct Outcome Model | yes no yes or no

Specification

Sample Size Assumption | yes or no yes or no yes

A -1 . E) A
Coeflicient B federation | Hessian weighting: (Zszl ng)) (21?:1 H;ak>,3(k)) Hessian weighting with
B2 and I:IE,ad’(k>

Variance Vg federation Vg = Agl ‘ Vg = A;lBgAB1 Federate the estimated
Federate the estimated Ag (and Bg if necessary) Agad (and Bgad if necessary)
by sample size weighting. by sample size weighting.

Asymptotic Results Theorem 1 ‘ Proposition 2 ‘ Proposition 3

This table states the federation procedure for coefficients and variance in the outcome model from MLE under
various conditions. The second to fifth rows correspond to Conditions 3, 6 and 8, and Assumption 2, respectively.
We use “yes or no” to indicate the case where the solution does not vary with whether or not the condition is
satisfied. Note that this table holds when we use MLE to estimate the propensity model as well. In this table,
am _ 0%, (B™)
B 8B(k) (6B(k))T
with sample size ny, while Ag and Bg do not. When the outcome model is stable across data sets (Condition 6
holds), the coefficient federation formula is the same for all scenarios, and the variance federation formula depends on
whether the information matrix equivalence (Condition 8) holds. When the outcome model is unstable (Condition

denotes the Hessian, and the definition of Ag and Bg can be found in Table 1. I:IgC> scales

6 is violated), we use the same federation scheme as the stable outcome model, but with I:Igad’(k)7 Agad, and Bgad

that pad I:Ifek), Ag, and Bg with zeros as shown in Section 3.1.2.

with more parameters may lead to a less efficient federated estimator compared to that from the
correctly specified (most parsimonious) model. We provide a formal statement for generalized linear

models in the following proposition.

Proposition 1. Suppose Y; follows a generalized linear model, and the true parameters B((]k) are
the same for all k. If S,E # () and we use the unrestricted federated estimator in this subsection

pool

to estimate BP°%, then we get a weakly less efficient estimate of Bs than that from the restricted

federated estimator in Section 3.1.1.

3.2 Federated Inverse Propensity-Weighted Maximum Likelihood Estimator
3.2.1 Restricted Estimator for Stable Models (Conditions 5 and 6 hold)

IPW-MLE uses propensity scores in the estimation of parameters in the outcome model, so com-
pared with federated MLE, we need to additionally consider the federation of parameters in the
propensity models in the federated IPW-MLE. We focus on the setting in which both the propen-
sity and outcome models on individual data sets are estimated from MLE. Then we can leverage

our advances in the federated MLE estimator (in Section 3.1.1) and its asymptotic properties (in

15



Section 4.1) to provide a theoretically guaranteed federated IPW-MLE.

Figure 4: Flowchart for Federated Inverse Propensity-Weighted Maximum Likelihood Esti-
mator and Variance

Federated
IPW-MLE

) Same flowchart as the "YES" case but
Propensity with dataset-adjusted parameters and
and outcome models matrices in the unstable (propensity or
are stable? outcome) model (IPW-MLE #4)

YES

Propensity
model is known and
used?

Propensity coefficients: Hessian weighting;
Outcome coefficients: Hessian weighting with
individual outcome coefficients estimated with

federated propensity coefficients (IPW-MLE #2, #3)

Outcome coefficients: Hessian weighting with
individual outcome coefficients estimated with
known propensity (IPW-MLE #1)

Outcome variance: Sample size
weighting for matrices in the sandwich
formula (IPW-MLE #1)

Propensity model
is misspecified?

Propensity variance: Simplified formula; |8 Propensity variance: Sandwich formula;

Propensity and outcome variances: Propensity and outcome variances:
Sample size weighting for matrices in Sample size weighting for matrices in
the variance formula (IPW-MLE #2) the variance formula (IPW-MLE #3)

This flowchart shows the procedure to federate coefficients and variance in the outcome model and, if estimated,
the propensity model based on IPW-MLE. The left and right branches of the “Propensity and outcome models are
stable?” node correspond to restricted and unrestricted federated IPW-MLE methods, respectively. More details
are provided in Sections 3.2.1 and 3.2.2, and in Table 3 (where IPW-MLE #1-4 correspond to the four columns in
Table 3). Theoretical guarantees are provided in Section 4.2.

Let us first consider the federated point estimator. In the simple case where the true propensity
score is known and used (Condition 4), we do not need to pool the propensity scores across data
sets. On the other hand, for a more complicated case where the propensity score is estimated
from a parametric model using MLE, we use the federated MLE point estimator to estimate the
coefficients of the pooled propensity model. Specifically, we use Hessian weighting (9) to combine
the estimated coefficients of the propensity model on individual data sets.

After we estimate the federated coefficients of the propensity model, the next step is to estimate
the federated outcome model. To estimate the federated outcome model, we first use the federated

propensity scores to estimate the coefficients of the outcome model for each individual data set.
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We then use Hessian weighting (9) to combine together coefficients of the outcome model across
all data sets.

The federated variance estimator is based on, and analogous to, the asymptotic variance Vg
of the IPW-MLE on a single data set. When the true propensity score is known and used (Con-
dition 4), Vg = AB}wDﬁ,wAB}w' When the propensity score is estimated, Vg = AB,lw(Dﬁ,w —
CpwV,Cj )AL for ATE weighting, and Vg = A5% (Dpo—Cpo1VACj 5~ Cpw2VACh o+
C@w’gV,\,C;w’Q)Ag’lw for ATT weighting, where V, = AJ L if the propensity model is correctly
specified (Condition 4 is violated and Condition 7 holds), and V., = AJ 1B.\,A; ! otherwise (Condi-
tions 4 and 7 are violated).” The definitions of Ag =, Dgw, Caw, Ca.w,1, Ca,w,2, Ay and B, can
be found in Table 1. To estimate the federated variance, we first estimate Ag  and Dg o (as well
as Cg ., Ay, and B, if necessary) on each individual data set, and then use sample size weighting

(10) to combine Ag . and Dg o (as well as Cg -, A, and B, if necessary) across all data sets.

3.2.2 Unrestricted Estimator for Unstable Models (either Condition 5 or 6 is vio-
lated)

Our unrestricted federated IPW-MLE is built on our restricted federated estimator in Section 3.2.1.
Most steps are the same, with the addition of one or two steps to deal with the dataset-specific
parameters in the propensity and/or outcome models as shown in Figure 5. As with the restricted

federated IPW-MLE, we focus on the setting in which the propensity model is estimated from
MLE.

Figure 5: Flowchart for Federated IPW-MLE with Estimated Propensity Scores and Potentially
Unstable Propensity and/or Outcome Models

Federate individual Estimate individual
propensity models outcome models
via Hessian pooling from IPW-MLE
Split shared and
dataset-specific
parameters; generate
zero padding
parameter vector and
Hessian matrix

Estimate individual
propensity models | —
from MLE

Outcome
model is
stable?

Propensity
model is
stable?

Federate individual
outcome models
via Hessian pooling

YES—p|

Split shared and
dataset-specific
parameters; generate
zero padding
parameter vector and
Hessian matrix

This flowchart summarizes the federated IPW-MLE for stable propensity and outcome models (where Conditions
5 and 6 are satisfied, i.e. “YES” for both decision nodes) in Section 3.2.1, and the federated IPW-MLE for either
unstable propensity or unstable outcome model in Section 3.2.2 (where Conditions 5 and/or 6 are violated, i.e.
“NO” for one or both decision nodes). This flowchart focuses on the setting in which the propensity scores are
estimated (using MLE). If the true propensity scores are known and used, we skip the federation of individual
propensity models.

9The expression of Vg for the ATE weights is provided in Wooldridge (2002, 2007) when the true propensity
score is used or when the estimated propensity model is correctly specified. We extend Wooldridge (2002, 2007) and

provide the expression for Vg for the misspecified propensity model and for the ATT weights in Lemma 1 in Section
4.
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Table 3: Federated Inverse Propensity-Weighted Maximum Likelihood Estimator

Description Assume Stable Known Assume Stable Propensity Assume Stable Misspecified | Assume Unstable Propensity or
Propensity and Stable and Stable Outcome Model Propensity and Stable Unstable Outcome Model
Outcome Model (IPW-MLE #2) Outcome Model (IPW-MLE #4)
(IPW-MLE #1) (IPW-MLE #3)

Stable Covariate Distribution | yes or no yes or no yes or no yes or no

Known Propensity yes no no yes or no

Stable Propensity Model yes yes yes yes or no

Stable Outcome Model yes yes yes yes or no

Correct Propensity Model yes yes no yes or no

Specification

Correct Outcome Model yes or no yes or no yes or no yes or no

Specification

Sample Size Assumption yes or no yes or no yes or no yes

Coefficient 3 federation

(1) Estimate @(k> using vo;
(2) Federate B by
Hessian weighting.

(1) Federate 4" by Hessian weighting; (2) Estimate
B" using 44; (3) Federate 8% by Hessian
weighting.

Same federation procedure with
4P2d () and HE* ™) if propensity
models are unstable and estimated,
and with ﬁpad’(k) and I:Igad’(k) if
outcomes models are unstable

Variance Vg federation

-1 -1
Ve =As.Dp=hp,

Federate estimated Agﬁ;,

Vs =A;! (Dgw—Mpw)AzL

Mg,y = Cp,= VyCp o for ATE weighting; Mg, =
Cs.w1VAC o2+ Cpw2VyCh ot — Cpw2VyCpho
for ATT weighting

V, = A | Vo = A;'B,AS

(1) Federate 4% by Hessian weighting (skip for known propensity); (2) Estimate B
using 4%9; (3) Estimate Agfzﬂ, Cgf;, Dgfzv, Agk), and ng) using 44 and B%4; (4)

Cgfzw D(ﬁk,;, AQ’”, and nyk) by sample size weighting.

Same federation procedure with
’ypad’“), estimated Af,ad’(k>,
Cg‘hji,’(k) (and BE* ) if needed) if
propensity models are unstable
and estimated, and with ,épad‘<k),
estimated Ag?i(k), Dg?i‘w),
ngji,’(k) if outcomes models are
unstable

Results

Theorem 2

Proposition 4

This table states the federation procedure for coefficients and variance in the outcome model from IPW-MLE under various conditions. The second to eighth
rows correspond to Conditions 3-8 and Assumption 2, respectively. The definitions of Ag =, Dg =, Cg, =, Cg,=,1, Cs,=,2, A, and B4 can be found in Table 1.
When the propensity model is estimated (Condition 4 is violated), the coefficient federation procedure is the same for all scenarios, but is simplified when the
true propensity is used (Condition 4 holds). We provide the variance federation formula for the ATE and ATT weights that depends on whether we use the true
propensity (Condition 4) and whether the estimated propensity model is correctly specified (Condition 7). The definitions of ATE and ATT weights can be found

in Section 2.2.2. 'A)'pad‘<k)7 Bpad‘<k), Ag?i’(k)

and BE,M padded with zeros.

) T Bw

Dpad,(k)7021?;,(16)702?;7(11@)’02?;7(21@)’ A_p;ad,(k)’ and Bgad’(k) are ,_Ay(k)7 B(k) ASTZWD

(k) (k)
B, C

c )

B,w@,2’

c)

(k)
B,=,1’ A’Y ’
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For the federated point estimator, we first need to federate the propensity scores across data
sets if they are unknown. Similar to the stable propensity model, we first estimate the individual
propensity model for each data set. When the propensity models are unstable (Condition 5 is
violated), we use a similar approach as in Section 3.1.2 to federate propensity models. Specifically,
we first separate the stable parameters from the unstable parameters for each data set. Second, we
specify a larger set of parameters for the pooled propensity model and pad the estimated parameters
and Hessian from each data set with zeros to be aligned with the dimension of those for the pooled
model. Third, we use Hessian weighting to combine the zero-padded, estimated parameters across
data sets together.

Next, we estimate the federated outcome model using the individual outcome models estimated
from the federated propensity model. If the outcome models are unstable (i.e., Condition 6 is
violated), we follow the same three steps as the unstable propensity models to combine parameters
in individual outcome models.

For the unrestricted federated variance estimator, we use the same procedure as the restricted
federated variance estimator in Section 3.2.1 and Figure 4, but we pad each matrix used in the

federation procedure with zeros in the same fashion as we pad the Hessian matrix.

3.3 Federated AIPW Estimator
3.3.1 Restricted Estimator for Stable Models (Conditions 5 and 6 hold)

The AIPW estimator uses both outcome and propensity models, so we need to consider the feder-
ation of outcome models as well as the federation of propensity models if the propensity score is
estimated.

There are three steps to estimating the federated ATE or federated ATT. We first federate the
outcome models (and propensity models if necessary) across all data sets. If propensity and/or
outcome models are estimated from the MLE, then we use Hessian weighting (9), the same as how
we combine outcome models (and propensity models if necessary) in the federated MLE estimator.

Next, we use the federated/true propensity, and federated outcome models to estimate the ATE
or ATT by the AIPW estimator on individual data sets. Finally, we use inverse variance weighting
(11) to federate ATE or ATT from the AIPW estimator across all data sets. For the variance of
the federated ATE or ATT, we use inverse variance weighting (11) to federate the variance of ATE
or ATT across all data sets.

It is worth noting that these procedures to federate ATE or ATT and its variance are quite gen-
eral. They are robust to propensity or outcome model misspecification (i.e., where either Condition
7 or 8 is violated).!9 If propensity and/or outcome models are estimated from other approaches
(e.g., random forests (Wager and Athey, 2018)), we only need to modify the approach to combine

individual propensity and outcome models in the first step of the federation procedure of ATE or

107f hoth Conditions 7 and 8 are violated, we cannot consistently estimate ATE or ATT, even in the classical setting
where we only have one data set; therefore, this scenario is not our main focus.
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Figure 6: Flowchart for Federated AIPW Estimator and Variance

Federated
AIPW

Propensity
and outcome models
are stable?

ATE or ATT: Estimate ATE or ATT on individual data ATE or ATT: Estimate ATE or ATT on individual

sets using federated outcome and propensity
coefficients from Hessian weighting; use inverse
variance weighting to federate ATE or ATT (AIPW #1)

data sets using individual outcome and propensity
coefficients; use sample size weighting to
federate individual ATE or ATT (AIPW #2)

This flowchart shows the procedure to federate ATE or ATT, and variance, based on AIPW. The left and right
branches of the “Propensity and outcome models are stable?” node correspond to the restricted and unrestricted
federated AIPW methods, respectively. More details are provided in Sections 3.3.1 and 3.3.2, and in Table 4 (where
ATPW #1-2 correspond to the two columns in Table 4). Theoretical guarantees are provided in Section 4.3.

ATT. However, federating other approaches and providing the theoretical guarantees are beyond

the scope of this paper and are left for future work.

3.3.2 Unrestricted Estimator for Unstable Models (either Condition 5 or 6 is vio-
lated)

If either the parameters in the propensity model or parameters in the outcome model vary with the
data set, then the score (j}(XZ, W;,Y;), which is a function of propensity and outcome models in the
definition of the AIPW estimator, also varies with the data set. We therefore propose to estimate
the federated ATE or ATT using sample size weighting to combine the individual ATE or ATT.
That is,

D D 2
~fed _ "k~ (k) rfed _ "k <7k
Taipw = Z ——Taipw vied — Z - vk, (14)
=1 pool =1 pool
where %éﬁ))w is estimated from individual propensity and outcome models on data set k.

Sample size weighting (14) is quite flexible and allows parameters in the propensity or outcome
model to vary arbitrarily across data sets. The tradeoff is that, in the case of stable propensity and
outcome models (Conditions 5 and 6), sample size weighting is less efficient than the inverse variance
weighting used in Section 3.3.1, because inverse variance weighting has the smallest variance among

all weighted averages.
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Table 4: Federated AIPW Estimator

Description Assume Stable Propensity and Assume Unstable Propensity or
Stable Outcome Model (AIPW Unstable Outcome Model (AIPW
#1) #2)

Stable Covariate Distribution yes or no yes or no

True Propensity yes or no yes or no

Stable Propensity Model yes yes or no

Stable Outcome Model yes yes or no

Correct Propensity Model yes or no yes or no

Specification

Correct Outcome Model yes or no yes or no

Specification

Sample Size Assumption no yes

ATE or ATT 7 federation (1) Federate B (and 40 by (1) Estimate 7*) using B*) and
Hessian weighting; (2) Estimate 48 (or 48 if known); (2)
7®*) using B4 and 44 (or ’y(()k) if | Federate #(® by sample size
known); (3) Federate 7(¥) by weighting.
inverse variance weighting.

Variance V. federation ‘ Inverse variance weighting ‘ Sample size weighting

Results ‘ Theorem 3

This table states the federation procedure of the AIPW estimator for ATE or ATT and its variance under various
conditions. The second to eighth rows correspond to Conditions 3-8 and Assumption 2. Under parametric propensity
and outcome models (Conditions 1 and 2), these two models can potentially be misspecified. As long as one is
correctly specified (either Condition 7 or 8 holds), 7 can be consistently estimated. When the propensity and
outcome models are the same across all data sets (under Conditions 5 and 6), we federate the propensity and
outcome models before estimating ATE or ATT on individual data sets. Otherwise (when either Condition 5 or
6 is violated), we leave them as they are when estimating the individual ATE or ATT. For the stable propensity
and outcome models, we federate individual ATE or ATT by inverse variance weighting, which is generally more
efficient than the sample size weighting used for the unstable propensity or outcome model (when either Condition
5 or 6 is violated).

4 Asymptotic Results

In this section, we derive the asymptotic distributions of our federated MLE, IPW-MLE, and
AIPW estimators. The asymptotic distributions correspond to their respective estimators using
the combined, individual-level data. In addition, we show that our federated variance estimators
are consistent, which allows us to construct valid confidence intervals for treatment effect estimates
and other parameters of interest. Our asymptotic results are confirmed, and their finite-sample
properties are demonstrated through simulations in Appendix D. All proofs are provided in Ap-
pendix E. In the following notation, the superscript “fed” represents the federated estimator and

the superscript “pool” represents the estimator from the combined, individual-level data.

4.1 Maximum Likelihood Estimation

We start with showing that when the outcome model is stable across data sets (Condition 6 holds)

and correctly specified (Condition 8 holds), the federated coefficients Bfﬁ‘ﬁe have the same asymptotic
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distribution as ,BPOOI estimated from the combined, individual-level data. Moreover, both erd and

VEOOI are feasible estimators for the asymptotic variance of ,Bfg?e and Bﬁﬁgl.

Theorem 1 (Restricted Federated MLE for a Stable and Correctly Specified Outcome Model).
Suppose Assumption 1.1 and Conditions 6 and 8 hold. Furthermore, suppose either one of the
following cases hold: (a) T*)(B) is the same across all data sets or (b) Assumption 2 holds and

there exists M < oo such that HIPOOI(,B)*ll'( H2 <M. Asnq, -+ ,np — o0, we have
2 (V) V2 (B — Bo) SA(0,Ta), (15)

where d is the dimension of By, and By represents the true parameters (see Condition 1). If we
replace VpOOl by erd and/or replace Bled py Bp001 Eq. (15) continues to hold.

mle mle ’

The convergence rate for Brfﬁ?e and Bgﬁgl is n;{)il, which is the optimal rate. Compared to the nl/ 2

1
convergence rate for B ler We improve efficiency via federation. ,Bfed and poo

are asymptotically
equivalent if the information matrix Z(*)(3) is the same for all k (e.g., the homogeneous data sets
have stable covariate distribution and stable propensity and outcome models — Conditions 3, 5 and
6 hold) . In this case, we can leave the sample size proportion ny/npee1 unrestricted. In the second
case of Theorem 1 where Z(¥) (B) varies (e.g., under heterogeneous data sets with unstable covariate
distributions — Condition 3 is violated), ﬁfgiie and ﬁpOOI can still be asymptotically equivalent if the
limit of 1 /npool exists. The existence of this limit implies that ZP°°!(3)~! can be properly defined.

Note that Theorem 1 holds for the propensity model when we use the federated MLE and the
same federation formulas as the outcome model if we replace Bfﬁ?c and erd by ’yrfﬁi and fod,
respectively.

If the model is misspecified, MLE does not converge to the true parameters By; however, MLE
does converge in probability to the parameters that minimize the Kullback-Leibler Information
Criterion between true and misspecified models (White, 1982).!' These parameters are denoted as
B* for the outcome model. We leverage this property of MLE for the misspecified model and show
that, with model misspecification (Condition 8 is violated), Theorem 1 continues to hold with 3y

replaced by G*.

Proposition 2 (Restricted Federated MLE for a Stable and Misspecified Outcome Model). Suppose
the regularity conditions in White (1982) hold, Condition 6 holds, Condition 8 is violated, and the
parameters 3% are the same across all data sets. Then, Theorem 1 continues to hold with By

replaced by B*.

Similar to Theorem 1, Proposition 2 also holds for the misspecified propensity model (where
Condition 7 is violated). Since 3* is generally different from By, we cannot get a consistent estimate
for the treatment coefficient in the outcome model; however, we can use it as the input for the AIPW

estimator, which is robust to the outcome model misspecification. Similarly, for the misspecified

"0\fore details are presented in Section E.1 in the Appendix.
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propensity model, we can use it as the input for the IPW-MLE and AIPW estimators that are
robust to propensity model misspecification.

With an unstable outcome model (where Condition 6 is violated), the federated coefficients and
variance from our unrestricted federated MLE in Section 3.1.2 are still asymptotically equivalent
to those estimated from the combined, individual-level data. The results in Theorem 1 continue
to hold for the modified federation procedure under unstable models (Condition 5 is violated), as

shown in Proposition 3.

Proposition 3 (Unrestricted Federated MLE for an Unstable Outcome Model). Suppose Assump-
tions 1.1 and 2 hold, Condition 6 is violated, and AP*&%) is full rank for all k. If we use the

method in Section 3.1.2 to federate coefficients and variance, then Theorem 1 continues to hold.

Remark 1. When the outcome model is unstable, if we continue using the same federation formulas
as those for stable models in Section 3.1.1, Proposition 5 in Appendix A shows that Theorem 1
continues to hold for some special cases, but with By replaced by some weighted average of ﬁ(()k)

over k.

4.2 Inverse Propensity-Weighted Maximum Likelihood Estimation

In this section, we show that the federated coefficient estimates from our federated IPW-MLE
in Sections 3.2.1 and 3.2.2 have the same asymptotic distributions as those from the combined,
individual-level data. Moreover, our federated variance estimator provides a consistent estimator
for the variance of the federated coefficients. Before stating the asymptotic results of our feder-
ated IPW-MLE, we show a useful lemma that provides the asymptotic variance of Bipw—mle on an

individual data set.

Lemma 1. Suppose Assumption 1 holds and we estimate e(X;) from MLE. Then /éipw—mle estimated

from the weighted log-likelihood function (4) is consistent and asymptotically normal,

ﬁ(éipw—mle - :60) iN(O’ V}-}O,ipw—mle,é)’

where By contains the true parameters (see Condition 1),

t _ —1 —1
Vﬁo,ipw—mle,é - A,Bo,w (Dﬁ07w - Mﬂ07W77)AB0,w (16)
with

Cgy,wVy Cgo’w ATE weights

Mgy,w~ =
Cﬂo,w,lv’ycgo,wa + Cﬁo,wzvvcgo,w,l - Cﬁo,w,2vvcgo,w,2 ATT weights.

Ag)w 18 Ag o evaluated at By, with the definition of Ag o provided in Table 1. Other terms in
Eq. (16) are defined similarly. Vo = A;Ol if e(Xy,y) is correctly specified, and V. = A;EB,\,*A;}

otherwise, where v* minimizes the KL divergence.

23



If the true propensity e(X;) is used in the weighted log-likelihood function (4), then the asymp-

totic variance simplifies to

T _ A1 -1
Vﬂo,ipw-mle - A,Bo,wDﬂ()vaﬁo,w‘ (17)

Lemma 1 coincides with the results in Wooldridge (2002, 2007) for the case with ATE weights
and a correctly specified propensity model. We generalize Wooldridge (2002, 2007) to cases with
a misspecified propensity model and with ATT weights. Note that IPW-MLE has the double
robustness property, and Bipw_mle is a consistent estimator of By even if the outcome model is
misspecified, as long as the propensity model is correctly specified (Wooldridge, 2007).

Since the estimation error of the propensity model affects the asymptotic variance of Bipw_mle
(Eq. (16) versus Eq. (17)), our federated variance estimator varies with whether the true propensity
is used (i.e., Condition 4, see Section 3.2.1 and 3.2.2). Moreover, since V4 in Eq. (16) varies with
whether the propensity model is correctly specified (Condition 7), our federated variance estimator

also varies with this condition.

+ + . -
Bo,ipw-mle Vﬁg,ipw—mle,é 1s positive

semidefinite, implying that Bipw—mle is more efficient if the estimated propensity is used in Eq. (4).

Remark 2. An interesting observation from Lemma 1 is that V

Hence, even if we know the true propensity score, we suggest using the estimated propensity score
(Wooldridge, 2002, Hirano et al., 2003).

We start with stable propensity and outcome models (Conditions 5 and 6). In this case, we use

the restricted federated IPW-MLE in Section 3.2.1. When the outcome model is correctly specified

pool
ipw-mle

(Condition 8), the federated coefficients ,éfed have the same asymptotic distribution as 5’

ipw-mle
fed,t . . .
. 15 a consistent estimator

estimated from the combined data, and the federated variance \Y% B.ipw-mle,é

fed

for the asymptotic variance of Bipw_mle.

Theorem 2 (Restricted Federated IPW-MLE for Stable Propensity and Outcome Models). Sup-

pose Assumption 1 and Conditions 5, 6, and 8 hold. If we use the estimated propensity, we ad-
(k),t

Bo.ipw-mlec ¥ the same across all
? ?

ditionally suppose either of the following cases holds true: (a) V

data sets, or (b) Assumption 2 holds and there exists M < oo such that H(Agz?;)*lA(ﬁ]?’w ) < M.
Asny, -+ ,np — 00, we have
1/2 xypool, —1/2/ Afed d
npéol(vg?i(;))vj—mle,é) / (ﬂigw—mle - ﬂﬂ) _>N(07 Id)? (18)

where ﬁOA are the truia parameters (see Condition 1). If we replace Vg?i%w_mle’é by V%%Tw_mle?é and/or
replace ,Bifgi_mle by Bfg’}mle, Eq. (18) continues to hold.

If we use the true propensity, the above statements continue to hold with Vg?}’ii)w_mle’é, v Sﬁé&_mleﬁ,

\7Pool, k), k), ofed, . .

and Vgi(;vj_mle’é replaced by V(ﬂo)?i;r)w_mle, V(ﬁo)’;;w_mle, and V§7ipzv_mle, respectively (i.e., the corre-

sponding variance terms for the true propensity).

1/2

pool S shown in

Federated IPW-MLE improves the efficiency, since the convergence rate is n

1/2

Theorem 2, which is faster than n,’”~ on data set k for all £. Similar to Theorem 1, this theorem
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allows covariates to have the same or different distributions (Condition 3 either holds or does
not). Moreover, Theorem 2 holds regardless of whether we use the true or estimated propensity
(Condition 4 either holds or does not). In practice, even if IPW-MLE uses the estimated propensity,
we could use the federated variance estimator that works for the true propensity case, which takes
a much simpler form (see Remark 2), but overestimates the asymptotic variance.

Next, when the propensity or outcome model is unstable (Conditions 5 and/or 6 are violated),
we specify a more flexible model for the combined data that adjusts for individual data sets and
use the federated IPW-MLE in Section 3.2.2. The following proposition shows that Theorem 2
continues to hold for the federated IPW-MLE for the unstable propensity or outcome model.

Proposition 4 (Unrestricted Federated IPW-MLE for Unstable Propensity and/or Outcome Mod-
els). Suppose Assumptions 1 and 2 hold, Conditions 3 and/or 6 are violated, and Afegw and Af%]1

(or Af;’ii for misspecified propensity models) are full rank. If we use the method in Section 3.2.2 to

federate coefficients and variance, then Theorem 2 continues to hold.

4.3 AIPW Estimation

Our federated AIPW estimators in Sections 3.3.1 and 3.3.2 are based on the asymptotic linear
property of the ATPW estimator (Robins et al., 1994, Tsiatis and Davidian, 2007). For completeness,

we state this property in the following lemma.

Lemma 2 (Adapted from Tsiatis and Davidian (2007) and Chernozhukov et al. (2017)). Suppose
at least one condition holds: (a) (X, Bo.w) correctly specifies E[Y;|X;, W; = w] for some Bo.w
and w € {0,1}, or (b) e(X;,v0) correctly specifies pr(W; = 1|X;) for some ~y. Then the AIPW

estimator Taipw Satisfies
. 1 < Y
Vil = 70) == ; O(Xs, Wi, Vi) + 0p(1) S N (0, V), (19)

for the influence function ¢(X;, W;,Y;) with E[¢p(X;, Wi, Y;)] = 0 and V, = E[¢(X;, W;,Y;)?]. If
the estimand is ATE,

] \ W; .
O, Wi Yi) =o)X B) = p0) (K. B5) + ey (¥ = iy (X B7)
1-W; .
- 1£e(xi)(y — 1(0) (X4, Bg)) — 0, (20)

and if the estimand is ATT,

e(Xi, ") (1 = W5)
1 —e(X4,7%)

(X, Wi, Y3) =Wi (Vi — py(Xi, B7)) — (Vi — o)X, 85)) =m0, (21)

*

where v* = lim, 00 %, B, = limy 0o Buw, and at least one equality holds: (a) v* = 7o, or (b)
By, = Bow for w € {0,1}.
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We can see from Lemma 2 that the score qAS(Xl, W;,Y;) in the definition of 7aipyw is an estimator
of 10 + ¢(X;, W;,Y;) (recall Section 2.2.3). Lemma 2 formally states the doubly robust property
we mentioned in Section 2.2.3: T,ipw continues to be consistent and asymptotically normal if either
~* # 7o (i.e., misspecified propensity model) or 3 # Bo. (i.e., misspecified outcome model),
but not both. The following theorem shows that (a) our federated AIPW estimator %;‘fgw has the
same asymptotic distribution as the AIPW estimator %;ggvl from the combined data, and (b) our

federated variance estimator V¢4 is consistent.

Theorem 3. Suppose either of the following cases holds: (a) ¢(X;, W;,Y;) is the same for all data
sets, and we use the federation formulas in Section 3.3.1; or (b) Assumption 2 holds, ¢(X;, W;,Y;)

varies with the data set, and we use the federation formulas in Section 3.3.2. Asny, -+ ,np — 00,
we have
1/2 xXrpooly—1/2 fed d
npéol(vgoo ) / (Taliepw - TO) _>N(O) 1)7 (22)

where 1) = Zszl kaék) is the weighted ATE or ATT. If we replace vpeol by \Afﬁed and/or replace

%ifgw by %;’i;?,vl, Eq. (22) continues to hold.

For stable propensity and outcome models (i.e., when Conditions 5 and 6 hold), Ték) equals 1

: ~fed 1/2
for all k. Since 7, pool’

aipw Das the convergence rate n we can improve the efficiency by federation.

When at least one of the propensity or outcome models is unstable (i.e., either Condition 5 or 6 is

k)

average of Ték) by the relative sizes of data sets (i.e., pr, = limny/npeo1). In this case, our federated

violated), Té may be different for different k. Then, 7y defined on the combined data is a weighted

ATPW estimator in Section 3.3.2 provides a consistent and asymptotic normal estimator for 7.

5 Empirical Studies Based on Medical Claims Data

In this section, we apply our methods to conduct retrospective analyses on whether patients exposed
to alpha blockers (a class of drugs including tamsulosin and doxazosin; broadly known as a;-AR
antagonists), as compared to unexposed patients, have a reduced risk of adverse outcomes (e.g.,
mechanical ventilation and death) in lower respiratory tract infections. Lower respiratory tract
infections are any infections in the lungs or below the voice box, including pneumonia and acute
respiratory distress (ARD). The effectiveness of alpha blockers is of particular interest as no human
clinical trials have studied this question despite promising evidence in mice (Staedtke et al., 2018).
Our analysis builds on the studies by Konig et al. (2020), Koenecke et al. (2021), Rose et al.
(2021), Powell et al. (2021), and Thomsen et al. (2021). Following Koenecke et al. (2021), we
have access to patient records in two de-identified databases that cannot legally or ethically be
combined together: the IBM MarketScan®Research Database (which we refer to as MarketScan)
and Optum’s Clinformatics@®Data Mart Database, a commercial and Medicare Advantage claims

database (which we refer to as Optum). We seek to make an inference about the effect of alpha
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blockers using these two databases. To do so, we require federated methods that can obtain the
point and variance estimates using only summary-level information on individual databases.

Our federated methods may, under different conditions, produce different estimates from other
methods such as inverse variance weighting (IVW). Researchers hence face the dilemma of deciding
which estimates are more trustworthy, as determined by what estimates are closer to what would
have been obtained from the combined, individual-level data.

In this section, we suggest a general federated analysis pipeline and use the study of alpha
blockers as an illustrative example. First, we construct subsamples from one cohort (e.g., within
Cumarp for ARD patients identified in the Marketscan database) to mimic the demographics of
the underlying databases and validate various federated methods. Since we are able to combine
the subsamples constructed from one cohort, we compare the federated estimates from various
methods with the estimates from the combined data, as shown in Section 5.2. Second, we use
the best federated methods from the first step, which are our unrestricted federated MLE and
unrestricted federated IPW-MLE, to combine the summary-level information in MarketScan and
Optum in Section 5.3. We expect the performance of these federated methods to carry over to the
federation of MarketScan and Optum given their similar demographics. The federated methods
we apply in the second step are robust to model misspecification and instability, supported by the
asymptotic theory, and robust across simulation studies conducted in the first step (see Appendix
A).12

5.1 Study Definitions

We follow the study definitions in Koenecke et al. (2021).

Participants We study two cohorts of patients who were diagnostically coded in U.S. hospitals
with acute respiratory distress (ARD) from each of the MarketScan and Optum databases. We
further study two cohorts of patients diagnostically coded in U.S. hospitals with pneumonia from
each of the MarketScan and Optum databases.

We limit the study to older men because alpha blockers are widely used as a treatment in the
U.S. for benign prostatic hyperplasia (BPH), a common condition in older men that is clinically
unrelated to the respiratory system. More specifically, we focus on men over the age of 45 so
that a large portion of the exposed group faces similar risks of poor outcomes from respiratory

conditions as the unexposed group, thus mitigating confounding by indication.'® In addition, we

12Note that our findings reproduce similar results to Koenecke et al. (2021), validating the prior result suggesting
that alpha blockers are effective in reducing ventilation and death in ARD and pneumonia patients; however, the
numbers differ slightly because our federated methods presented here are improved from those used in Koenecke et al.
(2021). Koenecke et al. (2021) only use the treatment coefficient and variance to federate estimators, whereas here
we use the full variance-covariance matrix from all covariates, which is a more robust approach for heterogeneous
data.

13Note that this limits our analysis’ validity to older men due to their being the dominant population historically
being prescribed alpha blockers. However, we recognize the importance of studying other demographics, such as
women and younger men, in clinical studies (Holdcroft, 2007, McMurray et al., 1991); extrapolating our results to
these demographics would require additional assumptions as noted in (Powell et al., 2021).

27



enforce a maximum age of 85 years to reflect the ongoing clinical trials investigating prazosin (an
alpha blocker) and its effects on COVID-19 patients.

Figure 7: Histograms of Patient Age in MarketScan and Optum
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We restrict all patients in both MarketScan and Optum databases to be over the age of 45. While patient data
from the MarketScan database only include patients younger than age 65, a majority of the patients in the Optum
database are over 65 years old.

After the restrictions on sex and age, we obtain a cohort of 12,463 ARD inpatients and a cohort
of 103,681 pneumonia inpatients from the MarketScan database (denoted as Cyarp and Cu pna,
respectively), and a cohort of 6,084 ARD inpatients and a cohort of 234,993 pneumonia inpatients
from the Optum database (denoted as Co arp and Co pna, respectively).

The demographics of patients in the MarketScan and Optum databases differ in two aspects.
First, Optum includes older patients as MarketScan only includes patients up to age 65 due to
Medicare exclusions (see Figure 7 for the distribution of patient age on MarketScan and Optum).
Second, Optum has more recent patient records from the fiscal year 2004 to 2019, while MarketScan
only has patient records from the fiscal year 2004 to 2016.

Treatment W; Treatment W; is binary (either 1 or 0) and indicates whether a patient is exposed
to alpha blockers (W; = 1) or not (W; = 0).1

Outcome Y; Outcome Y; is binary (either 1 or 0) and indicates whether a patient both received

mechanical ventilation as a medical procedure and then had an in-hospital death (corresponding
to Y; =1).16

'4See https://clinicaltrials.gov/ct2/show/NCT04365257.

5Patients are considered exposed if they were prescribed ai-AR antagonists (doxazosin, alfuzosin, prazosin, silo-
dosin, terazosin, or tamsulosin) for at least six of the 12 months prior to their first inpatient admission date for either
ARD or pneumonia.

Death outcomes were identified by in-hospital deaths from MarketScan claims records, or by patient month of
death within 1 month of relevant ARD or pneumonia inpatient visit month from the Optum claims records.
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Potential Confounders X; X, consists of age, fiscal year, and health-related confounders.!”
Model Specification We estimate whether the exposure to alpha blockers has a reduced risk of
adverse outcomes on each cohort from the following outcome model specification:

f(Yi =0[X;, W;)

A; A;
= iB((),w) + X;FIB(()’X)7

where A; € {M, O} denotes the database to which patient i belongs (either MarketScan or Optum).
We estimate B(gfj) and B(()gé) from MLE and IPW-MLE. The value exp(ﬁéfj)) is the odds ratio for
alpha blockers on patients being ventilated and dying; the odds ratio metric is commonly reported
in medical studies (Szumilas, 2010) and represents the odds that Y; will occur given treatment
exposure, compared to the odds that Y; will occur without treatment. The propensity scores used

in IPW-MLE are estimated from the following propensity model specification:

pr(Wi = HXZ)

AT o) e T (Ai)'
pr(W; = 0|X;) i 7o

In Sections 5.2 and 5.3, we focus on the federated analysis based on MLE and IPW-MLE that
produce estimates of odds ratios similar to Koenecke et al. (2021). We extend our alpha blocker
analysis based on federated AIPW in Appendix B, but note that results are not directly comparable
or as easily interpretable as the odds ratios arising from our federated IPW-MLE method because
ATPW produces a different measure based on ATE or ATT.

5.2 Federated Results Based on Sampling from One Medical Claims Data Set

In this section, we construct subsamples from one cohort to reflect patient demographics from the
medical claims data; we then compare estimates from various federated methods using the combined
data. Our purpose in this step is to observe how well the federated methods recover the known
result from the combined data in a setting where combining data is permissible. We can then
select the most effective federated methods and apply these methods to combine the summary-level
information from MarketScan and Optum in Section 5.3. Recall that combining individual-level
raw data from these two sources is not permissible.

We start by presenting our approach to construct subsamples from one cohort (i.e., one of
CMARD; CMPNA, or Copna) in Section 5.2.1. We exclude Co arp in this analysis as Co arp has a
very small sample size, yielding singularity issues during computation. Then, in Section 5.2.2 we
list the tested methods for combining point and variance estimates across subsamples, including our

federated methods and inverse variance weighting (IVW), and list benchmark estimation methods.

1"Health-related confounders include total weeks with inpatient admissions in the prior year, total outpatient visits
in the prior year, total days as an inpatient in the prior year, total weeks with inpatient admissions in the prior
two months, and comorbidities identified from healthcare encounters in the prior year: hypertension, ischemic heart
disease, acute myocardial infarction, heart failure, chronic obstructive pulmonary disease, diabetes mellitus, and
cancer.
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We compare results from federated methods against the benchmark methods in Section 5.2.3 and
show that our unrestricted federated MLE and unrestricted federated IPW-MLE are the most

effective federated methods.

5.2.1 Sampling Schemes for Subsamples

In the base case, we construct two equally-sized subsamples, denoted as S; and Ss, based on the
patient records from one cohort (denoted as C). One subsample is constructed to have more elderly
patients than the other to reflect the age heterogeneity between MarketScan and Optum.

To construct these two subsamples, we first split the cohort C into two equally-sized sub-cohorts,
denoted as C; and Cq, by age (such that C = C; UCy and C; NCe = (). C; only has records of the
patients whose age is below the median of all patients in C, and Cy is the complement of Cj.
Without loss of generality, suppose we construct Ss to have more elderly patients than S;. Then,
we sample 80% of the patient records in Sy from C; with replacement, with the remaining 20%
sampled from Sy with replacement. Separately, 20% of the patient records in Sy are sampled from
C; with replacement, with the remaining 80% sampled from Sy with replacement.

As a robustness check, we consider other approaches in Appendix B to construct subsamples,
including varying the sampling ratios from C; and Cs to construct subsamples, constructing sub-
cohorts using different heterogeneous attributes (e.g., varying with both age and fiscal year), varying
subsample sizes, and varying the number of subsamples. In addition, we conduct data-driven
simulations in Appendix C, where we construct subsamples by sampling patients’ covariates from
C, and simulating treatment and outcome according to some known propensity and outcome models.
We can then control for whether the propensity and outcome models are correctly specified and
stable across subsamples in these data-driven simulations. The results in Appendices B and C
show that our findings in Section 5.2.3 are consistent with our other approaches in constructing

subsamples.

5.2.2 Estimation and Benchmarks
In this subsection, we list the benchmark and federated estimation approaches for the treatment

coefficient in the outcome model and its variance.

Restricted Benchmarks In this case, we assume parameters in the propensity and outcome

models are stable across subsamples. On the combined data, we specify the propensity and outcome

models as W — 11X
pI’( 3 : ‘ ’L) :X;r70
pr(W; = 0|X;) (23)
[ = 11X, W5)

=W Bo,w + X, Box-

f(Yi = 0[Xi, Wi)
The restricted benchmarks are set as the estimated Sy, in (23) and its estimated variance from

the combined data, denoted as va’bm and V;mbm, respectively.
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Unrestricted Benchmarks In this case, we assume the parameters of covariates X; in the
propensity and outcome models are unstable across subsamples. On the combined data, we specify

a flexible functional form for the propensity and outcome models

M QN o (D)
pr(W; = 0/X;) ( (4i =1 +1(Ai = D)y ) "
Y = 11X, W;

;EY — é:x Wl; =WiBo.w + X, (1(Ai =1)B% + + 14 = D)ﬂéﬁé),

where A; € {1,---, D} indicates to which subsample the patient record (X;, W;,Y;) belongs (in
our results presented in this section, D = 2, but we vary the value of D in robustness checks in
Appendix B). Note that [, is stable across subsamples, which can be interpreted as the average
treatment coefficient across subsamples. The unrestricted benchmarks are set as the estimated
Bow in (24) and its estimated variance from the combined data, denoted as Bgﬁfm and V“ngm,

respectively.

Restricted Federated Estimators We estimate g, 0., and By x on each subsample (denoted
as ), Bl(g), and /@lgg)) Under the model specification (23) on the combined data, we use our

restricted federated MLE and IPW-MLE to combine 4, Aq(j ), and B(j ) for all 7. Denote the

fed
,mle

restricted federated IPW-MLE for /3y ,, and its variance as 6r fed and Vr-fed respectively.

w,ipw-mle Buw,ipw-mle’

restricted federated MLE for fy,, and its variance as Br and Vr fedl , respectively. Denote the

Unrestricted Federated Estimators We estimate 7y, 80w, and Bg x on each subsample (de-
noted as 4V, Bq(j ), and Bgé) ). Under the flexible model specification (24) on the combined data,
we use our unrestricted federated MLE and IPW-MLE to combine 4, ZS{ ), and Bg) for all j.
We use B“"r fed jrunr fed 5“9r'fed and V“m fed  t4 denote the unrestricted federated MLE and

w,mle ,Bw mle ’ Mw,ipw-mle’ w,ipw-mle

IPW-MLE.

Inverse Variance Weighting (IVW) IVW is commonly used in meta-analysis (DerSimonian
and Laird, 1986, Whitehead and Whitehead, 1991, Sutton and Higgins, 2008, Hartung et al., 2011),
and it is an appropriate method for (equally weighted) MLE assuming the outcome model is cor-
rectly specified and stable across data sets.'® Specifically, we estimate o, Bo,w, and By x on each
subsample. Under the restricted model specification (23) on the combined data, we combine Bg )
and @gé) for all j together weighted by their inverse variance Vg) (see Section 2.4.3). Denote the

inverse variance weighting estimator for By, and its variance as 3y ivw and Vg, jvw, respectively.

5.2.3 Results

In this section, we compare our restricted and unrestricted federated estimators (MLE/IPW-MLE)

and IVW with the benchmarks. We refer to the accuracy of a federated estimator as its difference

18Under correct model specification, the information matrix equality holds and the Hessian matrix asymptotically
equals the inverse variance matrix, so Hessian weighting is the same as inverse variance weighting.
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from the benchmark. The benchmark (ie., 85, . VE | . BUr ~and VI ) is the result we
would obtain using the combined data, so this is the standard by which we evaluate each federated
estimator.

We demonstrate three main findings in this section:

1. Our restricted and unrestricted federated MLE and federated IPW-MLE are more accurate

than IVW, regardless of whether we assume stable propensity and outcome models or not.

2. Federated MLE and federated IPW-MLE yield similar point and variance estimates, allevi-
ating our concern about outcome model misspecification as IPW-MLE is doubly robust (see

Section 5.3 for further discussion).

3. Our unrestricted federated MLE and federated IPW-MLE are preferable to the restricted

methods for robustness to model instability and for more accurate variance estimates.

Comparison Between Federated MLE and IVW We compare our federated MLE (re-
stricted: Bfuffﬁe and ngﬁgw_mle; unrestricted: B:jfgﬂg@d and Vé:ffg‘:flmle) and inverse variance weight-

ing (Bw,ivw and ng,ivw) to the benchmarks (restricted: BZ} bm and Vﬁrw b unrestricted: B;‘{fm and

% égff)m) in Table 5. We use the sandwich formula for Vg to allow for the violation of information

matrix equality in finite samples.'® Assuming the correct outcome model specification, the Mean
Absolute Error (MAE) of our restricted federated MLE and IVW point estimates are 0.0449 and
0.0724, respectively, on Cy Arp. Comparably, the MAE of our restricted federated MLE point esti-
mate is smaller than that of IVW on the larger data sets Cyi pna and Co pna. Similar findings carry
over to the variance estimates under the stable outcome model assumption, and carry over to both
the point and variance estimates allowing for outcome model instability (unrestricted benchmarks)
as shown in Table 5. As such, our restricted and unrestricted federated MLE point estimates are
more accurate than IVW (even when the outcome model is stable and correctly specified, as the
information matrix equality does not hold in finite samples), though accuracy gains with federated

MLE may decrease with sample size.

Comparison Between Federated IPW-MLE and IVW The implementations of our fed-
erated IPW-MLE always differ from IVW as shown in Section 3.2° We compare our federated
IPW-MLE (restricted: de,fgiv-mle and V,Brjigw-mlé unrestricted: B&%b&iﬂe and V‘::fpfsdmle) and in-
verse variance weighting (IVW: B, ivw and Vg, jyw) to the benchmarks (restricted: 5;)7bm and
Vé’w’bm; unrestricted: B&ﬁfm and Vﬁ‘:‘j‘f{)m) in Table 5. Assuming stable propensity and outcome

models, the MAE of our restricted federated IPW-MLE and IVW point estimates are 0.0526 and
0.9128, respectively, on Cy aArp. Comparably, the MAE of our restricted federated IPW-MLE point

19The information equality could be violated when the outcome model is misspecified or we have a small sample
size.

29We can show that IVW is consistent and therefore appropriate in the special case where subsamples have the same
populations (more specifically, where the covariate distribution is stable, and the propensity and outcome models are
stable). In general cases, IVW is inconsistent.
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Table 5: Comparison Between Restricted/Unrestricted Federated Estimators and IVW with

Corresponding Restricted /Unrestricted Benchmarks

sunr

(a) MLE: Restricted Benchmarks B;bm o bm (b) MLE: Unrestricted Benchmarks 817, Au‘]’fgfn
Biobm | Buivw | Buleie | Bummic Bt | Buivw | Bulile | Bammic
mean | MAE | MAE MAE mean | MAE | MAE MAE

MS ARD -0.7114 | 0.0724 | 0.0449 0.0463 MS ARD -0.7097 | 0.0733 | 0.0465 0.0432
MS PNA -0.2348 | 0.0132 | 0.0073 0.0088 MS PNA -0.2330 | 0.0131 | 0.0070 0.0066
Optum PNA | -0.1545 | 0.0037 | 0.0011 0.0015 Optum PNA | -0.1548 | 0.0038 | 0.0019 0.0009
Vwr,bm Vmivw Vul: frel(lie Vu';“r)rflefed Albl,?)l;n Vw,ivw Vur) fﬁ?e un?rfléed
mean | MAE MAE MAE mean | MAE MAE MAE
MS ARD 0.0852 | 0.0196 | 0.0114 0.0074 MS ARD 0.0851 | 0.0198 | 0.0113 0.0072
MS PNA 0.0173 | 0.0010 | 0.0006 0.0002 MS PNA 0.0173 | 0.0010 | 0.0006 0.0002
Optum PNA 0.0026 | 0.0000 | 0.0000 0.0000 Optum PNA 0.0026 | 0.0000 | 0.0000 0.0000
(c) IPW-MLE: Restricted Benchmarks Bw bm? l‘g’bm (d) IPW-MLE: Unrestricted Benchmarks Bl‘;f‘gm, Al‘u"‘gfn
B:‘u,bm Bw,ivw /é:‘u',fie;w—mle le;ﬂ;'\f/e-?nle A'uujt,]brm B’wyiVW Ag,fie;w-mle Az?i;-vf/e—(rlnle
mean | MAE MAE MAE mean | MAE MAE MAE
MS ARD -0.7096 | 0.9128 0.0526 0.0780 MS ARD -0.7495 | 0.8728 0.1089 0.0302
MS PNA -0.3019 | 0.3883 0.0094 0.0115 MS PNA -0.3034 | 0.3869 0.0144 0.0027
Optum PNA | -0.1832 | 0.0536 0.0011 0.0043 Optum PNA | -0.1852 | 0.0517 0.0043 0.0002
Vuﬁ,bm Vw,ivw Vi;f;(jv-mle Vu?rli;vfeglle Aulll,?)ll‘n waiVW VJ)‘ f;i’lv mle Vuljl?;wferc}lle
mean | MAE MAE MAE mean | MAE MAE MAE
MS ARD 0.0966 | 0.0690 0.0282 0.0192 MS ARD 0.0835 | 0.0559 0.0159 0.0054
MS PNA 0.0244 | 0.0103 0.0024 0.0006 MS PNA 0.0242 | 0.0102 0.0022 0.0002
Optum PNA 0.0031 | 0.0003 0.0001 0.0000 Optum PNA 0.0031 | 0.0003 0.0001 0.0000

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE (restricted:

Ar.fed Ar.fed fed Crr.fed . . Aunr.fed Aunr.fed unr.fed unr.fed .
w,mle)»”w,ipw-mle and VB m1e7V unrestricted: ﬁw mle Mw,ipw-mle and VB ,mle aV w,iPW- mle) estlmators and

w ,1pW- m1e7

inverse variance weighted (ﬁw ivw and ng ivw) estimators to the restricted and unrestricted benchmarks (restricted:
B bm and VB bm; unrestricted: Bw o and VB““'{jm) In the federated MLE, we use the sandwich formula for Vg
which is appropriate when the outcome model is misspecified. In the federated IPW-MLE, we use the sandwich
formula for V., which allows for propensity model misspecification (i.e., when Condition 7 is violated). We construct
subsamples from the MarketScan ARD (MS ARD) cohort, and from the MarketScan and Optum pneumonia (MS
PNA and Optum PNA) cohorts, letting D = 2. For MS ARD, n1 = n2 = npoo1/2 = 6,000; for MS PNA and Optum
PNA, n1 = n2 = npoot/2 = 30,000. We use ATE weighting in IPW-MLE in these tables. We report the results
with ATT weighting in Table 6 in Appendix B; the results with ATT weighting are close to the results with ATE
weighting. The mean absolute error (MAE) is calculated relative to the benchmark mean values (first column of
each table) based on 50 iterations of independent sampling of subsamples. Note that the combined data C1 UCz vary
across iterations, so we report the average of the benchmarks (,E)’w bms Bl‘j“b‘”m, Vu‘: fed and V;'gfnfed) across iterations,
yielding slight noise in the benchmark means reported.

estimate is much smaller than that of IVW on the larger data set Cyipna, to a similar extent as

or.fed
w,ipw-mle

carry over to the variance estimates under the stable outcome model assumption, and carry over to

on CyvArD (With respect to relative MAE compared with the mean of ). Similar findings

both the point and variance estimates when unstable propensity and outcome models are allowed

(unrestricted benchmarks), as shown in Table 5. We conclude that our federated IPW-MLE is

much more accurate than inverse variance weighting for both point and variance estimates.
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Comparison Between Federated MLE and Federated IPW-MLE The means of the re-
stricted benchmarks, B{u,bm and ‘A/ﬁrw’bm, are —0.7114 and 0.0852, respectively for MLE on Cni ARD-
These values are very close to the means of the IPW-MLE benchmarks, —0.7096 and 0.0966, re-
spectively (see Table 5). Similar findings carry over to the unrestricted benchmarks. As IPW-MLE
is doubly robust, the similar point and variance estimates from MLE and IPW-MLE alleviates our

concern of a biased estimate due to outcome model misspecification.

Comparison Between Restricted and Unrestricted Federated Estimators Our unre-
stricted federated MLE and federated IPW-MLE estimators specify flexible propensity and out-
come models that adjust for data sets (e.g., in Eq. (24)). When the true models are stable,
the unrestricted federated estimators are consistent, but they could be less efficient than the re-
stricted federated estimators. As shown in Table 5, compared to the restricted benchmarks, the
MAE values of r-fed and prfed are generally smaller than the MAE values of B;f};iged and

w,mle w,ipw-mle
Bur_lr.fed

0 ipw-mle’ which is consistent with the efficiency loss of the unrestricted federated estimators when

the true model is stable. On the other hand, when the true model is unstable, the restricted
federated estimators could be biased. As again shown in Table 5, compared to the unrestricted
benchmarks, the MAE values of Br'fed and Br'fed are much larger than the MAE values of

w,mle w,ipw-mle

53%126[1 and nggie_fnle. Interestingly, we consistently observe that the unrestricted variance esti-

mates have a smaller MAE than the restricted variance estimates, compared to either the restricted
benchmarks or unrestricted benchmarks. This observation is because of the empirical finding that
Vi fed @<> Vﬁ‘ﬂr'fed é V,Brw,bm é Aﬁ‘::j{)m for MLE (and the same ordering for IPW-MLE), as shown

w,mle mle

via simulations in Table 12 of Appendix C. Unrestricted estimators with a flexible model specifica-
tion are generally less efficient than restricted estimators (see Proposition 1), leading to Inequalities
(D and (3). Moreover, we observe that both restricted and unrestricted federated estimators gen-

erally underestimate the true variance in finite samples (even though both are consistent), leading

Orr.fed
Buw,mle

to Vrfed Vﬁrw bm- The underestimated amount ng bm — is generally larger than the

Bw,mle

efficiency loss

Vpmrfed _ rfed | leading to Inequality (2).

5.3 Federation Across Two Medical Claim Data Sets

In Section 5.2.3, we demonstrate that our unrestricted federated MLE and unrestricted federated
IPW-MLE perform best in a single data set where a pooled data estimate was obtainable. Now we
show the application of these methods on two data sets, MarketScan and Optum, which cannot be

pooled at the level of individual patients. To start, we present the results on individual cohorts.

Cohort-Specific Results The coefficient on alpha blockers is consistently negative on the indi-
vidual cohorts of ARD patients (Cy,arp and Co arp) and pneumonia patients (Cyvipna and Co pna)
as shown in Figure 8, implying a reduced risk of adverse outcomes for ARD and pneumonia patients
who were exposed to alpha blockers.

We additionally note that some coefficients (though, none with statistical significance) are

34



of different magnitudes or signs in the outcome model across the two databases. For example,
coefficients for patient age and weeks with prior inpatient admissions (i.e., a metric for overall
health) have different signs between MarketScan and Optum results in the ARD cohorts (see
Figures 10a and 10b in Appendix B).2! This raises three potential concerns: model instability,
model misspecification, and unobserved confounders across the two databases, which we ameliorate
as follows.

First, model instability could be due to the different populations underlying these two databases
as shown in Figure 7, as well as the heterogeneous response of outcomes to the treatment and
confounders. We consider a flexible functional form for the combined data that adjusts for data
sets (see Eq. (24)), and our unrestricted federated MLE or unrestricted federated IPW-MLE is
appropriate in the presence of model instability. Second, model misspecification could exist if the
response is indeed the same across two databases, but there exists a coefficient difference in the
estimated outcome models. To protect against this possibility, we suggest using IPW-MLE due to
its doubly robust properties (as opposed to MLE), which allows for consistency if the propensity
model is correctly specified. Third, we may have unobserved confounders in the outcome model.
However, we have largely controlled for unobserved confounders in our approach to construct the

cohorts (as discussed in the Participants paragraph in Section 5.1).22

Federated Results Figure 8 shows the point estimates and confidence intervals from MarketScan
and Optum as well as from our unrestricted federated MLE and unrestricted federated IPW-MLE
estimators. As desired, the federated estimates of the effect of alpha blockers lie between the
estimates on MarketScan and Optum for both ARD and pneumonia patients, and they approximate
the average effect of alpha blockers on all ARD or pneumonia patients across two databases (recall
the estimates from IVW may not lie between those on MarketScan and Optum as shown in Figure 1
and Figure 9 in Appendix B). The federated confidence intervals are generally narrower than those
on individual databases, implying more statistical power from federation to detect the effect of
alpha blockers. As a robustness check, we report the average treatment effect of alpha blockers on
all patients (i.e., ATE) and on treated patients (i.e., ATT) from AIPW on MarketScan and Optum,
and from federated AIPW in Figure 11 in Appendix B. The average treatment effects from AIPW
and federated AIPW are negative and statistically significant, supporting our finding of association

between the exposure to alpha blockers and a reduced risk of progression to ventilation and death.

2INote that these coefficient sign differences only appear in the ARD cohorts, which have fewer observations than
the pneumonia cohorts.

22To quantify the impact of unobserved confounders, E-value analysis was conducted in Koenecke et al. (2021) which
showed that a relatively strong unobserved confounder(s) would be necessary to nullify the results; see VanderWeele
and Ding (2017) for the definition of E-values.
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Figure 8: Federation Across MarketScan and Optum

ARD Cohort
MLE
Source Estimate (CI) n
MarketScan -0.674 (-1.237 -0.111) 11,368 -
Optum -0.188 (-0.617  0.240) 5,408
Federated -0.367 (-0.700 -0.033) 16,776 . —
-1.2-1.0-0.8-0.6-0.4-0.2 0.0 0.2 0.4
A
Ba-blocker
IPW-MLE
Source Estimate (Ch) n
MarketScan -0.673 (-1.286 -0.060) 11,368 >
Optum -0.018 (-0.495  0.458) 5,408
Federated -0.280 (-0.647 0.087) 16,776 B
-1.2-1.0-0.8-0.6-0.4-0.2 0.0 0.2 0.4
A
ch-blocker
Pneumonia Cohort
MLE
Source Estimate (Ch) n

MarketScan -0.223 (-0.432 -0.014) 90,018
Optum -0.147 (-0.200 -0.094) 208,388
(-0

Federated -0.151 (-0.203 -0.100) 298,406 ——
-0.5 04 -03 -02 -01 0.0 01
A
Ba-blocker
IPW-MLE
Source Estimate (Ch) n
MarketScan -0.264 (-0.515 -0.013) 90,018
Optum -0.174 (-0.233 -0.116) 208,388
Federated -0.198 (-0.276 -0.120) 298,406 ——
-05 -04 -03 -02 -01 0.0 O.1
A
Ba-blocker

These figures show the point estimates and confidence intervals from MarketScan and Optum as well as from our
unrestricted federated MLE and unrestricted federated IPW-MLE estimators. The federated estimates of the effect
of alpha blockers lie between the estimates for MarketScan and Optum for both ARD and pneumonia patients. The
federated confidence intervals are in most cases narrower than those on individual databases (except for IPW-MLE
on the pneumonia cohort). We use ATE weighting in IPW-MLE, and we estimate the effect of alpha blockers on
reduced samples of MarketScan and Optum satisfying propensity overlap. Figure 12 in Appendix B shows the point
estimates and confidence intervals with ATT weighting, which are close to those with ATE weighting. Moreover,
Figure 13 in Appendix B shows the point estimates and confidence intervals from the restricted federated MLE and
restricted federated IPW-MLE, which are also close to those from the unrestricted federated estimators.
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6 Conclusion

This paper proposes categories of federated methods based on MLE, IPW-MLE, and AIPW that
provide point estimates of treatment effects as well as variance estimates. We show that our
federated point estimates have the same asymptotic distributions as the corresponding estimates
from combined, individual-level data. In particular, the point estimates from our federated IPW-
MLE and federated AIPW are doubly robust. We additionally show that to achieve these properties,
the implementations of our federated methods should be adjusted based on conditions such as
whether propensity and outcome models are correctly specified and stable across heterogeneous
data sets. Finally, we suggest a general federated analysis pipeline for empirical studies and apply
it to study the effectiveness of alpha blockers on patient outcomes from two separate medical claims

databases.
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Appendices

Appendix A Additional Asymptotic Results and Practical Con-

siderations

A.1 Additional Results

When the outcome model is unstable, if we continue using the same federation formulas as those
for stable models in Section 3.1.1, Theorem 1 continues to hold for some special cases, but with Gy

replaced by some weighted average of ,Bék) over k.

Proposition 5 (Restricted Federated MLE for an Unstable Outcome Model). Suppose Assump-
tions 1.1 and 2 hold, and there exists M < oo such that HZ’F’OOI(,B)*II(”“)(B)H2 < M. Further-
more, Suppose dék) (B) — ZW(B) - B and I¥)(B) do not depend on B for all k, where dz(/k) (B) =

E(x,w,y)NlP(k) %ﬁlx,wm . Asmny,--- ,np — 00, we have
1/2 /xypooly— A w d
nglsy (V™) T2(BE8 — B5) SN (0, 1), (25)

where B minimizes the Kullback-Leibler Information Criterion between f(y|x,w,8;) and the miz-
ture of f(y|x,w,ﬁ(()k)) on the combined data. Eq. (25) continues to hold if we replace Bfffe by Bgﬁgl

and/or replace VEOOI by ng, where ng 1s estimated from the sample size pooling of the sandwich

formula.

2
Z.
In this case, Z"(B8) = XX /o2 and d;k)(,ﬁ) —IM(B) - B = =YX /0?2 do not depend on B;
therefore, the assumptions in Proposition 5 are satisfied. Moreover, 3; is a linear combination of
(,8(()1),,8(()2), e ,B(()D)) that satisfies Zszl PEE pe [X] - (B(()k) — B5) = 0. Hence, the pooled model

parameters are a weighted average of the estimated parameters on individual data sets.

The special cases include the linear model with i.i.d. Gaussian noise that has variance o

A.2 Practical Considerations

Remark 3. Suppose (1) Y; is a binary response variable (such as the indicator variable for ventila-
tion and death in our empirical medical example); (2) E[Y;|X;] follows a logistic regression model;
(3) we use the true propensity score in the IPW-MLE. Then the estimated D¥_ on data set k,

Bo,w
denoted as ]jgczﬂ, equals

Nk

. 1
Dy =—> (

ﬁ7w nk .
=1

Wi N 1-W;
(@ T ey

)é%XiXiT,

where ¢; is unit ¢’s residual. Some commonly used packages, such as syvglm in R (Lumley, 2011),

3fed
: . 2 : 2 Y '—ﬁ' ~ eXp(Xiﬁi w—mle)
use working residuals for &; (i.e., §; = =Lt and p; = b
g ’ ( v pi(l*pi) p’l 1+exp(xi[3if]§i»mle) )
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Appendix B Additional Empirical Results

B.1 A Toy Example for Inverse Variance Weighting

In this section, we present a simplified example for the federated treatment coefficient from in-
verse variance weighting lying outside the interval between treatment coefficients on two data sets.
Suppose we only have treatment and age in the outcome model, and the coefficients and inverse

variance matrices on two data sets 23 are
By — Buw | _[-067) o [516 286
M| Batage 203 |7 M " |-286 474.02|’

fo — Bow | [-0.02 g1 [55:34 1461
© 7 | Bonge 015|797 |14.61 187.98

Then the federated coefficients based on inverse variance weighting are
. N ANy A NN —0.71
Bivw = (Vi + V') (V' Bu + V' Bo) = [ 1.42 ]
The federated treatment coefficient is -0.71, which is smaller than BM,w and Bo,w-

B.2 Additional Results for Federation Across Two Medical Claim Data Sets

23These numbers are identical to those in the inverse propensity-weighted logistic regression on MarketScan and
Optum ARD cohorts.
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Figure 9: Coefficient of the Exposure to Alpha Blockers

ARD Cohort (ATT weighting)

Source Estimate ()]

MarketScan -0.672 (-1.233 -0.112) ®

Optum -0.226 (-0.662  0.211)

IVW -0.733 (-1.024 -0.441) B —
Federated IPW-MLE -0.420 (-0.757 -0.083) _—
-1.2-1.0-0.8-0.6 -04-0.2 0.0 0.2 0.4
éu-blocker

Pneumonia Cohort (ATE weighting)

Source Estimate ()]

MarketScan -0.264 (-0.515 -0.013) ®

Optum -0.174 (-0.233 =-0.116)

IVW -0.223 (-0.278 =-0.167) —_—
Federated IPW-MLE -0.198 (-0.276 -0.120) —_—
-0.5 -0.4 -0.3 -0.2 -0.1 0.0
éu-blocker

Pneumonia Cohort (ATT weighting)

Source Estimate ()]

MarketScan -0.228 (-0.437 -0.018) ®

Optum -0.145 (-0.198 -0.092)

IVW -0.143 (-0.195 -0.092) —
Federated IPW-MLE -0.167 (-0.235 -0.099) —_—
-0.5 -0.4 -0.3 -0.2 -0.1 0.0
éu-blocker

We plot the coefficient of the exposure to alpha blockers in an inverse propensity-weighted logistic regression to
model the probability of progression to mechanical ventilation and then death of inpatients with acute respiratory
distress (or pneumonia). The top two lines in each panel show the estimated coefficient and 95% confidence interval
on MarketScan and Optum, respectively. The third and fourth lines correspond to the federated coefficient and
95% confidence interval of MarketScan and Optum from IVW, and from our unrestricted federated IPW-MLE,
respectively. While the federated coefficient from our unrestricted federated IPW-MLE always lies between those
from MarketScan and Optum, the federated coefficient from IVW does not. We consider both ATE and ATT
weighting in IPW-MLE (see Figure 1 for the ATE weighting in IPW-MLE for the ARD cohort), and we estimate
the effect of alpha blockers on reduced samples of MarketScan and Optum satisfying propensity overlap.
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Figure 10: Estimated Coefficients and Confidence Intervals for Selected Confounders in the
Logistic Regression Model
ARD Cohort

Source Estimate (o)) p-value
MarketScan -0.320 (-2.98 2.32) 0.813

Ooptum 0.069 (-0.27 0.41) 0.691

-3.0 -2.0 -1.0 0.0 1.0 2.0
A

Bage
Pneumonia Cohort

Source Estimate (o)) p-value
MarketScan 0.294 (-1.10 1.69) 0.679

Optum 0.126 ( 0.08 0.17) <0.001

-1.0 -05 0.0 0.5 1.0 1.5
A

Bage
(a) Coefficient for age
ARD Cohort
Source Estimate (o)) p-value
MarketScan 0.159 (-0.13 0.45) 0.277 —

Optum -0.581 (-1.01 -0.15) 0.008

-12 0.8 -04 00 04
AN

Binpat.stay.weeks
Pneumonia Cohort

Source Estimate (o)) p-value
MarketScan -0.133 (-0.26 0.00) 0.049 —_—

Optum -0.295 (-0.35 -0.24) <0.001

-0.4 -0.2 0.0 0.2
A

Binpat.slay.weeks

(b) Coefficient for weeks with prior inpatient admissions
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Figure 11: Federation of AIPW Across MarketScan and Optum

ARD Cohort
Source Estimate ((+])] n

MarketScan -1.8e-02 (-3.le-02 -5.6e-03) 11,368

Optum -1.4e-03 (-2.0e-02 1.7e-02) 5,408
Federated -1.3e-02 (-2.3e-02 -2.4e-03) 16,776 —_—
-0.03 -0.02 -0.01 0.0 0.01 0.02
A
ﬁa—blocker
Pneumonia Cohort
Source Estimate ((+1)] n
MarketScan -4.8e-03 (-8.9e-03 -7.2e-04) 90,018
Optum -8.9e-03 (-1.2e-02 -6.1e-03) 208,388
Federated -7.7e-03 (-1.0e-02 -5.4e-03) 298,406 . —
-0.01 -0.005 0.0
A
Ba-blocker
(a) ATE
ARD Cohort
Source Estimate @n n
MarketScan -1.1le-03 (-1.7e-03 -3.9e-04) 11,368 —_—
Optum -1.2e-03 (-3.3e-03 8.9e-04) 5,408
Federated -1.1e-03 (-1.9e-03 -2.9e-04) 16,776 —_—————
-0.004 -0.003 -0.002 -0.001 0.0 0.00°
A
ﬁa—blocker
Pneumonia Cohort
Source Estimate ((o1)] n
MarketScan -2.7e-04 (-4.9e-04 -4.2e-05) 90,018 —_—
Optum -1.2e-03 (-1.7e-03 -7.9e-04) 208,388
Federated -9.3e-04 (-1.2e-03 -6.2e-04) 298,406 —_—
-0.002 -0.001 0.0 0.00°
A
Ba-blocker
(b) ATT

This figure shows the estimated ATE and ATT, and their estimated confidence intervals from AIPW on MarketScan
and Optum as well as from our unrestricted federated AIPW estimator. The federated estimates of the effect of
alpha blockers lie between the estimates on MarketScan and Optum for both ARD and pneumonia patients. The
federated confidence intervals are narrower than those on individual databases on both ARD and pneumonia cohorts.
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Table 6: Comparison Between Restricted/Unrestricted Federated IPW-MLE and IVW with
Corresponding Restricted/Unrestricted Benchmarks and ATT Weighting

(a) IPW-MLE: Restricted Benchmarks 4% . VZ, =~ (b) IPW-MLE: Unrestricted Benchmarks %15 Vunr
B;J,bm Bw,ivw Bz;’,fie;w—mle B;ﬂ;\fféiﬂe A:;l)l,’lbrm B’wyiVW Aqlz,fiel;jw-mle B;fli;‘\fze—?nle
mean | MAE MAE MAE mean | MAE MAE MAE

MS ARD -0.7324 | 0.7594 0.0584 0.0597 MS ARD -0.7659 | 0.7260 0.0888 0.0511

MS PNA -0.2390 | 0.2488 0.0223 0.0229 MS PNA -0.2387 | 0.2492 0.0225 0.0225

Optum PNA | -0.1524 | 0.0263 0.0061 0.0068 Optum PNA | -0.1528 | 0.0260 0.0059 0.0062
Voo | Vo | Vi e | Vit Vot | Voo | Vo e | Voo
mean | MAE MAE MAE mean | MAE MAE MAE

MS ARD 0.0812 | 0.0508 0.0206 0.0077 MS ARD 0.0769 | 0.0465 0.0163 0.0053

MS PNA 0.0174 | 0.0031 0.0009 0.0006 MS PNA 0.0174 | 0.0032 0.0009 0.0006

Optum PNA 0.0026 | 0.0001 0.0000 0.0000  Optum PNA 0.0026 | 0.0001 0.0000 0.0000

These tables compare restricted and unrestricted federated IPW-MLE (restricted: B”‘fed and V2-fed

w,ipw-mle w,ipw-mle»
Bq‘fjf‘i;‘f,e_i,le and V‘:U""i"if@c_lmle) estimators, and inverse variance weighted (Bu.ivw and Vj, ivw) estimators to the re-
stricted and unrestricted benchmarks (restricted: Bfu,bm and \A/;w’bm; unrestricted: Al‘l‘,"“ﬁ"m and ‘A/Buw“”{)m). In the
federated IPW-MLE, we use the sandwich formula for V. which allows for propensity model misspecification (i.e.,
when Condition 7 is violated). We construct subsamples from the MarketScan ARD (MS ARD) cohort, and from
the MarketScan and Optum pneumonia (MS PNA and Optum PNA) cohorts, letting D = 2. For MS ARD,
N1 = N2 = Npool/2 = 6,000; for MS PNA and Optum PNA, n1 = n2 = npoo1/2 = 30,000. We use ATT weighting in
IPW-MLE. The mean absolute error (MAE) is calculated relative to the benchmark mean values (first column of
each table) based on 50 iterations of independent sampling of subsamples. Note that the combined data C; UCs vary
across iterations, so we report the average of the benchmarks (Bfu,bm, gunr prfed and V““r‘fed) across iterations,

w,bm>y Yw,bm w,bm
yielding slight noise in the benchmark means reported.

Figure 12: Federation Across MarketScan and Optum (Unrestricted Federated Estimators with
ATT Weighting)

ARD Cohort
IPW-MLE
Source Estimate (cn n

MarketScan -0.672 (-1.233 -0.112) 11,368
Optum -0.226 (-0.662 0.211) 5,408
Federated -0.420 (-0.757 -0.083) 16,776 e e—

-1.2-1.0-0.8-0.6-0.4-0.20.0 0.2 0.4
A

Ba-blocker

Pneumonia Cohort

IPW-MLE
Source Estimate (CI) n
MarketScan -0.228 (-0.437 -0.018) 90,018 ®
Optum -0.145 (-0.198 -0.092) 208,388
Federated -0.167 (-0.235 -0.099) 298,406 ———
-05 -04 -03 -0.2 -01 0.0 041

A
Ba-blocker

These figures show the point estimates and confidence intervals from MarketScan and Optum as well as from our
unrestricted federated IPW-MLE estimators. The federated estimates of the effect of alpha blockers lie between
the estimates for MarketScan and Optum for both ARD and pneumonia patients. We use ATT weighting in
IPW-MLE, and we estimate the effect of alpha blockers on reduced samples of MarketScan and Optum satisfying
propensity overlap. The results are similar to those with ATE weighting in Figure 8.
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Figure 13: Federation Across MarketScan and Optum (Restricted Federated Estimators with
ATE Weighting)
ARD Cohort

MLE
Source Estimate (Ch) n

MarketScan -0.674 (-1.237 -0.111) 11,368
Optum -0.188 (-0.617 0.240) 5,408
(-0

Federated -0.358 (-0.678 -0.038) 16,776 T a—
-1.2-1.0-0.8-0.6-0.4-0.20.0 0.2 0.4
A
Ba-blocker
IPW-MLE
Source Estimate (Ch) n
MarketScan -0.673 (-1.286 -0.060) 11,368
Optum -0.018 (-0.495 0.458) 5,408
Federated -0.220 (-0.575 0.134) 16,776 . S—
-1.2-1.0-0.8-0.6-0.4-0.20.0 0.2 04
A
ﬁa—blocker
Pneumonia Cohort
MLE
Source Estimate (CI) n
MarketScan -0.223 (-0.432 -0.014) 90,018
Optum -0.147 (-0.200 -0.094) 208,388
Federated -0.147 (-0.198 -0.097) 298,406 ——
-05 -04 -03 -0.2 -01 0.0 01
A
Ba-blocker
IPW-MLE
Source Estimate (CI) n
MarketScan -0.264 (-0.515 -0.013) 90,018
Optum -0.174 (-0.233 -0.116) 208,388
Federated -0.195 (-0.267 -0.123) 298,406 —
-05 -04 -03 -0.2 -01 0.0 01
A
Ba-blocker

These figures show the point estimates and confidence intervals from MarketScan and Optum as well as from our
restricted federated MLE and restricted federated IPW-MLE estimators. The federated estimates of the effect
of alpha blockers lie between the estimates for MarketScan and Optum for both ARD and pneumonia patients. The
federated confidence intervals are generally narrower than those on individual databases (except for IPW-MLE on
the pneumonia cohort). We use ATE weighting in IPW-MLE, and we estimate the effect of alpha blockers on
reduced samples of MarketScan and Optum satisfying propensity overlap.
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B.3 Federated Results Based on Alternative Sampling Schemes from One Med-
ical Claims Data Set

In this section, we consider alternative approaches to construct subsamples. The results are pre-

sented in Tables 7-10, and are consistent with the results in Section 5.2.

Varying Sampling Ratios of Sub-cohorts We consider the cases where 50% (70% or 90%)
of the patient records in S; are sampled from C; with replacement, with the remaining 50% (30%
or 10%) sampled from Cy with replacement. Similarly, 50% (30% or 10%) of the patient records
in Sy are sampled from C; with replacement, with the remaining 50% (70% or 90%) sampled from
Co with replacement. Therefore, for the 50%/50% sampling scheme, the age structure in S; and
Ss are similar; for other sampling schemes, §; has more young patients than Ss. The results are

presented in Table 7.

Sub-cohorts Based on Patient Age and Fiscal Year We construct two equally-sized sub-
samples. We first split the cohort C into four sub-cohorts, denoted as Cy, Co, C3, and C4, by age
and fiscal year (C = C; UC2UC3UCy and C; NC2NC3NCy = (). Cy only has records of the patients
whose age is below the median of all patients in C, and fiscal year is from 2004 through 2012; Cs
only has records of the patients whose age is below the median of all patients in C, and fiscal year
is from 2013 through 2016; C3 only has records of the patients whose age is above the median of all
patients in C, and fiscal year is from 2004 through 2012; C4 only has records of the patients whose
age is above the median of all patients in C, and fiscal year is from 2013 through 2016. The two
subsamples are constructed as follows: 70% of the patient records in S; are sampled from C; with
replacement, and 10% are sampled from Cp with replacement for all k& # 1; Similarly, 70% of the
patient records in Sy are sampled from C; with replacement, and 10% are sampled from C; with

replacement for all k& # 4. The results are presented in Table 8.

Varying Subsample Sizes We follow the same sampling schemes as Section 5.2 and construct
two subsamples with different sizes (i.e. (n1,n2) € {(40,000,10,000), (20,000,10,000)}). The

results are presented in Table 9.

Varying Number of Subsamples We construct D equally-sized subsamples, where D varies
from 2 to 4. Similar as Section 5.2, we split the cohort C into D sub-cohorts, where C; has records of
the patients who age is between (j—1)/D and j/D percentiles for all j. We construct subsamples S;
as follows: 70% of the patient records in S; are sampled from C; with replacement, and 30/(D-1)%

are sampled from Cj with replacement for all £ # j. The results are presented in Table 10.
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Table 7: Comparison Between Restricted/Unrestricted Federated Estimators and IVW with the
Corresponding Restricted /Unrestricted Benchmarks with Varying Sampling Ratios of Sub-cohorts

unr Jrunr

(a) MLE: Restricted Benchmarks Bfu’bm, Vur)’bm (b) MLE: Unrestricted Benchmarks Bw,bm, o b
Brm | Buivw | BuRde | Bunmied Bunr | Buvw | AL, | Bunsfed
mean | MAE | MAE MAE mean | MAE | MAE MAE

50%/50% | -0.2077 | 0.0504 | 0.0246 0.0287 50%/50% | -0.2071 | 0.0517 | 0.0272 0.0270

70%/30% | -0.1883 | 0.0586 | 0.0289 0.0305 70%/30% | -0.1882 | 0.0582 | 0.0318 0.0296

90%/10% | -0.2294 | 0.0503 | 0.0262 0.0301 90%/10% | -0.2276 | 0.0498 | 0.0274 0.0268
qu ,bm Vw Sivw Aur;;ffllde Au?,%féed Au‘iglr‘n V’LU Jvw Au’)‘ ;fre)?e Au‘;l,rl}rfl'efed
mean | MAE | MAE MAE mean | MAE | MAE MAE

50%/50% 0.0515 | 0.0081 | 0.0043 0.0022 50%/50% 0.0517 | 0.0083 | 0.0045 0.0023

70%/30% 0.0508 | 0.0086 | 0.0047 0.0024 70%/30% 0.0509 | 0.0088 | 0.0049 0.0025

90%,/10% 0.0528 | 0.0082 | 0.0049 0.0022 90%/10% 0.0530 | 0.0083 | 0.0051 0.0023

(c) IPW-MLE: Restricted Benchmarks 3%, , ., V5., (d) IPW-MLE: Unrestricted Benchmarks SU57, | Vunr
Brbm | Buivw | Bifowemie | Bimpacmie Bt | Buivw | Buliwemie | Buiacmie
mean | MAE MAE MAE mean | MAE MAE MAE

50%/50% | -0.2793 | 0.7466 0.0322 0.0299 50%/50% | -0.2777 | 0.7482 0.0391 0.0088

70%/30% | -0.2630 | 0.7721 0.0383 0.0383 70%/30% | -0.2668 | 0.7683 0.0525 0.0118

90%/10% | -0.3029 | 0.8316 0.0342 0.0471 90%/10% | -0.3121 | 0.8224 0.0518 0.0137
Ve bm | Vaivw | Vorted e | Vilieated onr | Viivw | VEES e | Viirted ),
mean | MAE MAE MAE mean | MAE MAE MAE

50%/50% 0.0697 | 0.0449 0.0167 0.0063 50%/50% 0.0666 | 0.0418 0.0136 0.0020

70%/30% 0.0705 | 0.0467 0.0176 0.0074 70%/30% 0.0666 | 0.0428 0.0138 0.0023

90%,/10% 0.0720 | 0.0492 0.0177 0.0077 90%/10% 0.0675 | 0.0448 0.0133 0.0027

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE, and IVW with the
restricted and unrestricted benchmarks, where the sub-cohorts are constructed with varying sampling ratios of
sub-cohorts. In the federated MLE, we use the sandwich formula for Vg that is appropriate when the outcome
model is misspecified. In the federated IPW-MLE, we use the sandwich formula for V. that allows for propensity
model misspecification (where Condition (7) is violated). We construct subsamples from the MarketScan pneumonia
(MS PNA) cohort. We let D = 2 with n1 = n2 = npoo1/2 = 10,000. We use ATE weighting in IPW-MLE. The
benchmark means and MAE are calculated based on 50 iterations.
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Table 8: Comparison Between Restricted /Unrestricted Federated Estimators and IVW with the

Corresponding Restricted /Unrestricted Benchmarks with Sub-cohorts Based on Patient Age and

(a) MLE: Restricted Benchmarks B

Brvom | Buivw | Bl | Bummic?
mean | MAE | MAE MAE
-0.1876 | 0.0281 | 0.0163 | 0.0182
AJJ‘,bm Vﬂ)yiVW Aulj‘;fs(lie Auljl,l:rfl'efed
mean | MAE | MAE MAE
0.0227 | 0.0023 | 0.0012 | 0.0006

(c) IPW-MLE: Restricted Benchmarks B{U’bm, vr

r 743
w,bm’ ¥ w,bm

Bim | Buwivw | Bulieme | Buipuciie
mean | MAE MAE MAE
-0.2662 | 0.5273 |  0.0155 |  0.0162
Vu‘)‘,bm waiVW V'ux)‘;if;gv—mle Au‘;‘,ril;\;\/f—crdnle
mean | MAE MAE MAE
0.0348 | 0.0182 |  0.0049 |  0.0020

Fiscal Year

(b) MLE: Unrestricted Benchmarks B;f‘gm, o b
B | Buwivw | Bl | Bummic?
mean | MAE | MAE | MAE |
-0.1858 | 0.0285 | 0.0163 | 0.0156 |
Vot | Vaiew | Ve | Ve
mean | MAE | MAE | MAE |
0.0228 | 0.0023 | 0.0012 | 0.0006 |
wbm (d) IPW-MLE: Unrestricted Benchmarks Bgf{fm, Alz"lg;
Bovm | Busew | Bulime | Bliatmie
mean | MAE MAE MAE
-0.2686 | 0.5249 |  0.0243 | 0.0073
Au‘;l,rll)lr‘n V’LU Jvw Vu’;‘;if;ilw—mle Atrjl,?li;\rf—cgrnle
mean | MAE MAE MAE
0.0340 | 0.0174 |~ 0.0041 |  0.0009

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE, and IVW with the
restricted and unrestricted benchmarks, where the sub-cohorts are constructed based on patient age and fiscal
year. In the federated MLE, we use the sandwich formula for Vg that is appropriate when the outcome model is
misspecified. In the federated IPW-MLE, we use the sandwich formula for V4 that allows for propensity model
misspecification (where Condition (7) is violated). We construct subsamples from the MarketScan pneumonia (MS

PNA) cohort. We let D = 2 with n; =

benchmark means and MAE are calculated based on 50 iterations.
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Table 9: Comparison Between Restricted/Unrestricted Federated Estimators and IVW with the
Corresponding Restricted /Unrestricted Benchmarks with Varying Subsample Sizes

(a) MLE: Restricted Benchmarks /3 (b) MLE: Unrestricted Benchmarks gunr_ yunr

r r
w,bm’ Y w,bm w,bm’ Y w,bm

3 | Buivw | B | Bunmied 3u | Buivw | Bl | Bunmied
mean | MAE | MAE | MAE mean | MAE | MAE | MAE
20k10k | -0.2379 | 0.0348 | 0.0162 0.0164 20k10k | -0.2369 | 0.0342 | 0.0173 0.0137
40k10k | -0.2688 | 0.0259 | 0.0102 0.0106 40k10k | -0.2681 | 0.0254 | 0.0117 0.0089
Ve om | Viiwew | Vil | Vamnled Vones | Vi | Vil | Vamnled
mean | MAE | MAE MAE mean | MAE | MAE MAE
20k10k 0.0372 | 0.0043 | 0.0025 0.0009 20k10k 0.0372 | 0.0043 | 0.0026 0.0009
40k10k 0.0243 | 0.0018 | 0.0011 0.0004 40k10k 0.0243 | 0.0019 | 0.0011 0.0004
(c) IPW-MLE: Restricted Benchmarks 3%, , ., V5., (d) IPW-MLE: Unrestricted Benchmarks SU57, | Vunr
B;,bm Bw,iVW de,fie;)dw—mle B;f‘l;vf/e—?nle A;fll:m B’w,iVW Bg,fiepdw—mle A;fli![')'\f/e—?nle
mean | MAE MAE MAE mean | MAE MAE MAE
20k10k | -0.3444 | 0.6105 0.0527 0.0581 20k10k | -0.3507 | 0.6042 0.0620 0.0576
40k10k | -0.3590 | 0.4971 0.0898 0.0912 40k10k | -0.3652 | 0.4910 0.0974 0.0961
‘A/'ulj‘,bm V’w,ivw A':;;iff)?v-mlc ‘A/ﬂljj,?;)‘\;\fi(rillc A'Luu,lg)tr‘n VwﬂiVW V'Lz;ifgf}v—mlc Atuu,?;\;\f?r?)lc
mean | MAE MAE MAE mean | MAE MAE MAE
20k10k 0.0508 | 0.0291 0.0105 0.0050 20k10k 0.0497 | 0.0279 0.0093 0.0044
40k10k 0.0342 | 0.0175 0.0048 0.0048 40k10k 0.0341 | 0.0174 0.0052 0.0052

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE, and IVW with the
restricted and unrestricted benchmarks with varying subsample sizes. In the federated MLE, we use the sandwich
formula for Vg that is appropriate when the outcome model is misspecified. In the federated IPW-MLE, we use
the sandwich formula for V., that allows for propensity model misspecification (where Condition (7) is violated).
We construct subsamples from the MarketScan pneumonia (MS PNA) cohort. We let D = 2 with varying values
of n1 and ne. We use ATE weighting in IPW-MLE. The benchmark means and MAE are calculated based on 50
iterations.
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Table 10: Comparison Between Restricted/Unrestricted Federated Estimators and IVW with
the Corresponding Restricted/Unrestricted Benchmarks with Varying Number of Subsamples

(a) MLE: Restricted Benchmarks /3

r T
w,bm? Y w,bm

(b) MLE: Unrestricted Benchmarks /3

unr Jrunr
w,bm’ Y w,bm

Brbm | Buivw | Bfe | Bunmid unt | Buivw | AL | Bunmited
mean | MAE | MAE MAE mean | MAE | MAE MAE
D=2 1 -0.2100 | 0.0312 | 0.0168 0.0179 D=2 | -0.2098 | 0.0323 | 0.0187 0.0161
D=3 -0.2096 | 0.0303 | 0.0146 0.0171 D=3 | -0.2080 | 0.0315 | 0.0147 0.0151
D=4 | -0.2345 | 0.0354 | 0.0255 0.0277 D=4 | -0.2328 | 0.0366 | 0.0247 0.0259
Vabm | Vi | Varkile | Vil Vo | Viiww | Vaikiie | Vi
mean | MAE | MAE MAE mean | MAE | MAE MAE
D=2 0.0342 | 0.0039 | 0.0020 0.0009 D=2 0.0342 | 0.0040 | 0.0021 0.0010
D=3 0.0228 | 0.0031 | 0.0016 0.0005 D=3 0.0228 | 0.0032 | 0.0016 0.0006
D=4 0.0172 | 0.0031 | 0.0017 0.0007 D=4 0.0173 | 0.0031 | 0.0017 0.0008
(¢) IPW-MLE: Restricted Benchmarks B{U’bm, sz,bm (d) IPW-MLE: Unrestricted Benchmarks Bgf‘g‘m, AQL"'{)’I‘H
Brbm | Buivw | Buliwmie | Buiacmie Bt | Buivw | Bulwmie | Bincmie
mean | MAE MAE MAE mean | MAE MAE MAE
D=2 | -0.2757 | 0.5992 0.0199 0.0251 D=2 -0.2815 | 0.5933 0.0328 0.0045
D=3 | -0.2461 | 0.8752 0.0230 0.0282 D=3 | -0.2566 | 0.8647 0.0364 0.0071
D=4 | -0.2671 | 0.9915 0.0335 0.0280 D=4 1 -0.2843 | 0.9743 0.0525 0.0088
Vwr,bm VU’yiVW Vi;fg(\ihmle VII;’,?;\;Vfiile Auljl,?)[r‘n Vw,ivw Aﬂz‘;ifgf}vfmle Auljl,?;)‘x;\ffeglle
mean | MAE MAE MAE mean | MAE MAE MAE
D=2 0.0471 | 0.0264 0.0082 0.0032 D=2 0.0452 | 0.0246 0.0063 0.0008
D=3 0.0327 | 0.0229 0.0079 0.0026 D=3 0.0310 | 0.0212 0.0062 0.0006
D=4 0.0241 | 0.0180 0.0073 0.0022 D=4 0.0229 | 0.0169 0.0056 0.0006

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE, and IVW with the
restricted and unrestricted benchmarks with varying number of subsamples. In the federated MLE, we use the
sandwich formula for Vg that is appropriate when the outcome model is misspecified. In the federated IPW-MLE,
we use the sandwich formula for V4 that allows for propensity model misspecification (where Condition (7) is
violated). We construct subsamples from the MarketScan pneumonia (MS PNA) cohort. We let D € {2, 3,4} with
n; = 15,000 for all j € {1,---, D} (Note that D = 2 and n; = 30,000 in Table 5, and therefore the MAE values in
this table are larger than those in Table 5). We use ATE weighting in IPW-MLE. The benchmark means and MAE
are calculated based on 50 iterations.
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Appendix C Data-Driven Simulations based on Medical Claims
Data

In this section, we conduct semi-synthetic retrospective analyses based on the cohorts of patients
described in Section 5. Similar to the analyses in Section 5, we sample patient records to con-
struct subsamples and compare various federated estimators. But, in contrast to the analyses in
Section 5, only the covariate information in patient records is kept in subsamples, and patients’
treatment assignment and outcome are simulated based on their covariates using known propensity
and outcome models. In this way, we can control for whether the conditions in Section 2.3 hold or
not.

In Section C.1, we present various sampling schemes to simulate various conditions; results are

presented in Section C.2.

C.1 Sampling Schemes for Subsamples

We construct D subsamples, with n; patient records in subsample j, based on the patients’ co-
variates from cohort C (here, we focus on Cyarp). Let C; C C be a sub-cohort of C; we construct
subsample j based on Cj. Let Cjx = {x : (x,w,y) € C;} be the set of patient covariates. We
construct subsample j as follows. First, we sample one patient’s covariates from Cjx. Second, we
sample this patient’s binary treatment status W from a Bernoulli distribution with treated proba-
bility pr(W = 1|X) calculated from subsample j’s propensity model eU)(X). Third, we sample this
patient’s binary outcome Y from a Bernoulli distribution with outcome probability pr(Y = 1|X, W)
calculated from subsample j’s outcome model fU) (Y|X,W). For our simulations, we repeat the

above three steps n; times, sampling patient covariates with replacement in the first step.

Stability of Propensity and Outcome Models Let e)(X) and fU)(Y|X,W) denote our
estimated propensity model and outcome model, respectively, on cohort C;. We then describe
the two cases for simulated model stability. The first case is for stable propensity and outcome
models, where we let C; = C, = C for all j # k. The second case is for unstable propensity and
outcome models, where we partition C into D = 2 sub-cohorts based on the patient age covariate.
In the results presented in Section C.2, we generate C; such that it is comprised of 95% records
with patient ages below the C median of patient ages, and 5% records with patient ages above the

median. Co is the complement of C;.

Propensity and Outcome Model Specifications We consider two model specifications for
the true propensity model e9) (X): one is the logistic regression model and the other is the clas-
sification tree model. Similarly, we consider two model specifications for the true outcome model
fO(Y|X,W): one is the logistic regression model and the other is the classification tree model.
In our federated MLE and IPW-MLE analyses, we estimate both the propensity and outcome

model from logistic regressions. Therefore, we correctly specify the propensity (or outcome) model
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if eU)(X) (or fU(Y|X,W)) follows a logistic regression model, and we misspecify the propen-
sity /outcome model if eU)(X) (or fU)(Y|X,W)) follows a classification tree model.

C.2 Results

In this section, we compare our restricted and unrestricted federated estimators (MLE and PW-
MLE) and IVW with the benchmarks. The results in this section confirm our three main findings
in Section 5.2.3.

Table 11: Data-Driven Simulations: Comparison Between Restricted/Unrestricted Federated
Estimators and IVW with the Corresponding Restricted/Unrestricted Benchmarks

(a) MLE: Stable propensity and outcome models (b) MLE: Unstable propensity and outcome models
va,bm Bw,ivw Ai;',fren%e A:let,ltfm Bw,ivw Ag?r;'lfeed
mean | MAE | MAE mean | MAE MAE
correct spec. -0.6748 | 0.0190 | 0.0114 correct spec. -0.7516 | 0.0832 0.0417
misspec. outcome -0.0552 | 0.0130 | 0.0060 misspec. outcome -0.0176 | 0.0140 0.0056
misspec. propensity | -0.6750 | 0.0187 | 0.0117 misspec. propensity | -0.7288 | 0.0905 0.0353

Viom | Vi | Vil Vot | Vavw | Ve

mean | MAE | MAE mean | MAE MAE
correct spec. 0.0237 | 0.0016 | 0.0008 correct spec. 0.0251 | 0.0077 0.0018
misspec. outcome 0.0139 | 0.0007 | 0.0003 misspec. outcome 0.0127 | 0.0007 0.0001
misspec. propensity | 0.0232 | 0.0016 | 0.0008 misspec. propensity 0.0236 | 0.0067 0.0014

(c¢) IPW-MLE: Stable propensity and outcome models (d) IPW-MLE: Unstable propensity and outcome models

BZ},bm Bw,ivw gz;,fie;?w—mle A;:tljfll:‘m B’w,iVW g;ﬂ;\)ﬁe—iﬂe
mean | MAE MAE mean | MAE MAE
correct spec. -0.6877 | 0.5044 0.0172 correct spec. -0.7679 | 0.5166 0.0236
misspec. outcome -0.0642 | 0.3433 0.0082 misspec. outcome -0.0249 | 0.2962 0.0008
misspec. propensity | -0.6673 | 0.4514 0.0163 misspec. propensity | -0.7648 | 0.4177 0.0188
Vabm | Vi | Vidowomie Vo | Vv | VB e
mean | MAE MAE mean | MAE MAE
correct spec. 0.0356 | 0.0192 0.0039 correct spec. 0.0346 | 0.0176 0.0017
misspec. outcome 0.0216 | 0.0083 0.0022 misspec. outcome 0.0189 | 0.0062 0.0001
misspec. propensity | 0.0296 | 0.0133 0.0028 misspec. propensity | 0.0279 | 0.0111 0.0011

These tables compare restricted (or unrestricted) federated MLE and federated IPW-MLE, and IVW with the
restricted (or unrestricted) benchmarks for stable and unstable propensity and outcome models, and for correctly
specified propensity and outcome models (i.e., “correct spec.”), correctly specified propensity and misspecified
outcome models (i.e., “misspec. outcome”), misspecified propensity and correctly specified outcome models (i.e.,
“misspec. propensity”). For the federated MLE, we use the sandwich formula for Vg. For the federated IPW-MLE,
we use the sandwich formula for V. that allows for propensity model misspecification (where Condition (7) is
violated). We construct subsamples from the MarketScan ARD cohort. We let D = 2 with n1 = na = 20,000. We
use ATE weighting for IPW-MLE.
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Table 12: Data-Driven Simulations: Comparison Between Restricted/Unrestricted Federated
Estimators with the Corresponding Restricted /Unrestricted Benchmarks

(a) MLE: Stable propensity and outcome models (b) MLE: Unstable propensity and outcome models
B;;,bm Ail;;,frelrll:}e Ag?r:‘l'lfaEd A;?gm Az;,frelﬂe A;flrfl'lfeed
mean mean MAE mean MAE mean mean MAE mean MAE
‘ - -0.6635 -0.6644 0.0116 -0.7516 ‘ -0.6762 -0.7099  0.0417
Vb om Vioite Vo i Viiite Vo
mean mean MAE mean MAE mean mean MAE mean MAE
| 0.0237 | 0.0230 0.0008 | 0.0233 0.0005 | 0.0251 | 0.0203 0.0048 | 0.0233 0.0018

(c¢) IPW-MLE: Stable propensity and outcome models (d) IPW-MLE: Unstable propensity and outcome models

0.0356 | 0.0316 0.0039 | 0.0335 0.0024 0.0346 | 0.0277 0.0070 | 0.0329 0.0017

BT‘;},bm B{u‘fiepdw—mle B;f‘i!l;‘)ée—crlﬂle ;ngm B{u‘fiepdw—mle Bi‘f}nlr}l)xfrefrinle
mean | mean MAE mean MAE mean mean MAE mean MAE
| -0.6877 | -0.671 0.0172 | -0.6849  0.0190 | -0.7679 | -0.6879  0.0862 | -0.7443  0.0236
Au‘;,bm VJ)‘ f;(viv mle Vu‘)“ll}!)‘wfex(rille w VJ)‘ f;(viv mle Vu‘;l?;wfer(:xle
mean | mean MAE mean MAE mean mean MAE mean MAE

These tables compare restricted and unrestricted federated MLE and federated IPW-MLE with the restricted (or
unrestricted) benchmarks for stable and unstable propensity and outcome models. The propensity model is correctly
specified in these tables. For the federated MLE, we use the sandwich formula for Vig. For the federated IPW-MLE,
we use the sandwich formula for V. We construct subsamples from the MarketScan ARD cohort. We let D = 2
with n1 = ng = 20,000. We use ATE weighting for IPW-MLE.

Appendix D Simulations for Finite-Sample Properties

In this section, we demonstrate the finite sample properties of our asymptotic results for the fed-
erated MLE, federated IPW-MLE, and federated AIPW, and confirm our theoretical distribution
results. To conserve space, we present the finite-sample results for the case in which the propensity
and outcome models are stable, estimated, and correctly specified (where Conditions 3-8 hold).
The results for other cases are similar and available upon request. In our data generating process,

X, R nif (—=1,1) is a scalar, and Y; is a binary response variable that follows

Tl =ep(Be+ Bulli + B.X0) py=P(Yi=1)
— Py
De
: =exp(Ye + 72X4), pe =pr(W; =1)
— De
where By = B¢, Bu, Be) = [-0.2,—0.3,0.5] and vo = [ve, 7] = [0.1,0.2]. We generate 1,01 obser-

vations and randomly split these 1,401 Observations into D equally-sized data sets, in which 1,001
is selected at 500, 1000, 2000, and 5000, and D varies from 1 to 5. Note that D = 1 implies that
we can simply apply the conventional MLE, IPW-MLE, and AIPW estimators without pooling
B and Tate. The results for D = 1 serve as the benchmark to compare the results with other

D. When D varies from 2 to 5, we apply our estimation and federated methods from Section
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Figure 14: Histograms of Standardized MLE, IPW-MLE, and ATPW
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(c) Federated AIPW Estimators

These figures show the histograms of estimated MLE, IPW-MLE, and AIPW estimators normalized by their esti-
mated standard deviations, where npoo1 = 500. D is selected from 1 to 5, where D = 1 implies that we estimate
population parameters from fully pooled data and do not need to pool estimators. The normal density function is
superimposed on the histograms. The results are based on 2,000 simulation replications.

3 to obtain the federated MLE, federated IPW-MLE, and federated AIPW estimators for 8 and
Tate and their federated variances. We calculate the standardized federated MLE estimator using
nééil(vgd)*l/ Q(Bfﬁ‘fe — Bop) based on Theorem 1. Similarly, we calculate the standardized federated
IPW-MLE and federated ATPW based on Theorems 2 and 3.

Figure 14 shows the histograms of standardized federated MLE and federated IPW-MLE for the
treatment coefficient 3,,, as well as federated AIPW for T,e, for various D with np,00 = 500 based
on 2,000 replications of the above procedure. The histograms match the standard normal density
function very well. Additionally, Table 13 reports the mean and standard error of the standardized
federated MLE, federated IPW-MLE, and federated AIPW estimators for other n,o0. Figure 14
and Table 13 show that federated estimators across data sets are very close to those estimated from
the combined, individual-level data. Moreover, they support the validity of our asymptotic results
in finite samples even when np,01 is as low as 500. A sample size of a few hundred observations for
good finite sample properties can be satisfied in many empirical medical applications, such as our

medical claims data in Section 5.
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Table 13: Simulations: Standardized Federated Maximum Likelihood Estimators

D 1 2 3 4 5
) Mean Std. Mean Std. Mean Std. Mean Std. Mean  Std.
500 | -0.060 1.005 -0.049 1.000 -0.038 0.995 -0.027 0.987 -0.014 0.984
1000 | -0.011 0.997 -0.004 0.994 0.004 0.991 0.010 0.988 0.018 0.986
2000 | -0.035 0.999 -0.029 0.998 -0.025 0.997 -0.020 0.995 -0.013 0.993
5000 | -0.015 1.019 -0.012 1.019 -0.008 1.018 -0.005 1.017 -0.002 1.017

(a) Federated MLE

D 1 2 3 4 5
n Mean Std. Mean Std. Mean  Std. Mean Std. Mean  Std.
500 | -0.058 1.004 -0.047 1.000 -0.036 0.994 -0.025 0.986 -0.012 0.983
1000 | -0.012 0.996 -0.005 0.994 0.005 0.990 0.011 0.989 0.017 0.983
2000 | -0.035 1.000 -0.030 0.999 -0.024 0.997 -0.019 0.998 -0.013 0.995
5000 | -0.014 1.020 -0.011 1.019 -0.008 1.018 -0.005 1.018 -0.001 1.018

(b) Federated IPW-MLE

D 1 2 3 4 5
n Mean Std. Mean Std. Mean Std. Mean Std. Mean  Std.
500 | -0.053 1.009 -0.060 1.014 -0.061 1.025 -0.071 1.036 -0.083 1.044
1000 | -0.004 0.999 -0.008 1.003 -0.013 1.007 -0.015 1.014 -0.019 1.011
2000 | -0.025 1.000 -0.029 1.002 -0.030 1.001 -0.034 1.007 -0.038 1.008
5000 | -0.002 1.020 -0.005 1.020 -0.007 1.022 -0.009 1.022 -0.009 1.023

This table reports the mean and standard error of the standardized federated MLE and federated IPW-MLE for
the treatment coefficient (8., as well as the standardized federated AIPW for ATE 7ate across 2,000 simulation
replications. npeo1 is selected at 500, 1000, 2000, and 5000. D is selected from 1 to 5, where D = 1 implies that
we estimate population parameters from the pooled data and do not need to pool estimators. The results for the
federated estimators (D = 2,3,4,5) are very close to those estimated from the pooled data (D = 1), implying the
validity of our federated procedures for MLE, IPW-MLE, and AIPW. Moreover, the mean is close to 0, and the

(c) Federated ATPW

standard error is close to 1, verifying that our federated estimators have good finite sample properties.
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Appendix E Proofs

Let £,(8) = 9u(B) and £,(8) = Pn(B) 1 the gradient and Hessian of the likelihood function.

op oBoB"
Moreover, let E,(l? (B), En’? (B), E,(i) (B) and ,ér(fll be the likelihood function, gradient, Hessian, and

estimator on data set k.

E.1 Misspecified Maximum Likelihood Estimator

If the outcome model in the maximum likelihood estimator is misspecified, under suitable regularity
conditions, the maximum likelihood estimator is still consistent and asymptotic normal (White,
1982), i.e.,

Vi (Bute — %) 5 N (0, A5 Bg. AL, (26)

where 8* minimizes the Kullback-Leibler Information Criterion,

/ log (%) dG(x,w,y).

G(x,w,y) is the cumulative density function of (x,w, y). g(y|x,w) is the population density function
of y given (x,w). Ag~ and Bg- are Ag and Bg evaluated at 3* for the definitions of Ag and Bg
provided in Table 1.

E.2 Proof of Proposition 1

Proof of Proposition 1. We adjust the covariates corresponding to Bgf:) by data set. For example,
in generalized linear models, we can partition the treatment and covariates into two groups, X; =
(W, X;) = (Xs, X st), and include the interaction terms between X st and Zj, in the pooled outcome
model, where Zj is an binary variable indicating whether an observation is in data set k.

If Y; follows a GLM, it means the conditional distribution of Y; on X; and W} is in the exponential
family and the log-likelihood function can be simplified to

6(8) =) Y‘);b((’) + (Y3, 0), (27)
=1

for a dispersion parameter ¢, a natural parameter 8, and functions b(8), and ¢(Y, ¢).2* Additionally,
with link function g, we have E[Y;] = pu; = V/(6;), X;ﬁ = g(pi) and X; = (X;, W;). Let h(f(;r,@) =

2By slight abuse of notation, £,(8) is the shorthand for £,(3;¢), and likewise for én(ﬂ), lz'n(,@), and Z(B3) are

similar.
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0; = ()~ 0 g1 (X B). Therefore, we have £,(8) = Y1, Y544/ (X[ B)X; and

< 3 ~ (X B) ¢ 4 .
T ) T T
E[¢ Zb” W (X B)2X X[ = Zﬁxx = -XTEX,

where 2 = diag(&1, - -+ ,&n). We have Z(8) = X TE2X and Var(3) = (XT2X)"!

Now we consider two data sets with parameters 81 and 8.

Suppose B = B3 but we use a richer model for the pooled data that adjusts covariates by
data sets, (Xiys, Xi,SU AR Xwg - Z3), with coefficients (s, BSD),BSE)), where Z1 and Zs are binary
variables indicating whether an observation is in data sets 1 and 2, respectively. We show that
using this richer model gives us a less efficient estimate of Bs, where the estimator is denoted as
BSEp The corresponding estimate of 3 from the simple model is denoted as ,Bjomt.

Next we show
Var(35P) = Var(B™).

Let Xg) e R%*ISI and ch) e R%*(@=IS) he the covariate matrices of shared parameters and

dataset-specific parameters on data set 5. With algebra, we can show that

Asepy — S —=(1)\—1 S —(1)\—1 S —(1)\ =1 (1)) —1 S —(1)\—
Var(8z?) "' = (X)) TED) XY — (X)) TED) X)) (XD TED) XKD T (X)) TED)
+ (Xg))T(E(z))Axg) o ((X?))T(E(Z))flx@)) ) ((X(Z))T(E(Q))—lxﬂ))—l ) (( 2 (
Var(ﬁjomt) 1 (( 1))T(E( )) IX(l) (Xg))T(E(2))—1Xf§)> _ ((Xg))T(E(I))_IX
( 1

In order to show Var(85P) = Var(85™), it is equivalent to show Var(85P)~! < Var(85™)~! and
therefore equivalent to show for any vector v € RIS| vTVar(85P) 1o < v Var(8i™)~!
a = (5(1))—1/2}25;) v, ay = (5(2))—1/25(53) cv, My = (5(1))—1/2)~(fsn) and My = (_(2))—1/25(?3‘
With algebra, we have

UTVar(B?p)_lv < UTVar(B?int)_lv (28)
S(ar)Tar — (1) "M (M) ™M) 7 (M) Tag + (a2) Taz — (a2) TM (M2) TMa) ™ (Ma) Tas
< (a1)Ta1 + (az) "az — ((a1) "My + (a2) "Ma2) (My) "M + (Mz)TM2)_1((M1)Ta1 + (M2) Tas).

Consider the SVD of M; = U;D; V| € R"*P and My = UsDy V] € R™*P where V! = V]
and V5 L= v following p < n; and p < ny. We can simplify the inequality (28) to

aIUlUlTal + (I;FUQU;CLQ
>(a] UiD V] +ay UsDyV, ) (ViDIV] 4+ V,D3V, )™ (ViD U  a) + VoD Uj as).
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Let Q2 = D1_1V1_1V2D2. We can write the terms in the above in equality as functions of 2:

D, V] (ViD}V] +V,D3V]) 'ViD, =(1+D;'V;'VoD3V] (V) 'D ) = 1+ 007!
D,V (ViD}V] + V,D3V] ) 'V,yD, =(I+ D3 V5 'VviDIV] (V) 7ID; ) 7 = 1+ e Yo H)T) ™
D, V] (ViDIV] + VyD3V, ) 'VoDy =(2 ' 4 7)1,

Let a1 = UlTal and G = UQTag,. We can further simplify Inequality (28) to
afdn +ag dp > a (T+QQ7T) '+ (T+ 271 HT) a4+ 20 (271 +27) ay.
Consider the SVD of @ = UDV ". We can further simplify Inequality (28) to

1

@ UD*(I1+D?) 'UTa; +a VD 2(I+ D) 'V g, > 23] UMD + D) 'VTay

Denote each element in U'a; as a1,; and each element in V~lay as az,;. We can further simplify

Inequality (28) to

9 9 o

ai ;d; aj ; a1,;02,id;

9 + 3 >2 9 b
Zl+d§ Zl+d§— ZZ: 1+d?

7 %

We can see that this inequality holds from the Cauchy-Schwarz inequality, and therefore Inequality
(28) holds. If there are more data sets, Var(85T) = Var(85™) still holds by induction.
O

E.3 Proof of Results for Federated MLE in Section 4.1
E.3.1 Proof of Theorem 1

Proof of Theorem 1. Our proof of Theorem 1 consists of showing the following four equations:

1 n1/2 (Vpool)—l/Q(BPOOI - Bo) i} N(0,1y)

pool B mle
fed\—1/2( A d
2. 2 (Visd)=1/2(fed _ go) 4 A(0,1,)

3. /2 (Vheoh=1/2(gled _ g0y 4 (0, 1,)

npool B

4 /2 (ng)—1/2(lépool — Bo) & N(0,1,)

pool mle

We need to consider two cases. The first case is the information matrix Z(*)(8) being the same
for all data sets. The second case is the information matrix varying across data sets. The first case
consists of two sub-cases depending on whether Assumption 2 holds or not.

/2 (V?’Ol)_lﬂ(ﬁmd — By) % N(0,I;). MLE is consistent and

1
pool mle

The first step is to show n
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asymptotic normal (see Chapter 4.2.3 in Amemiya (1985)):

Bie 120
\/F(Bmle '60) —>N(0 I(k (IBO) )7

where Z(*) (,6) = —E (x5~ 0) [82 log g%g‘#w“ﬁ )]. From the law of large numbers and the consis-
tency of B les We have ——H( k)(ﬁo) Hence, from Slutsky’s theorem, we have for each

individual data set k,

V(= HY /) 2 (8%, — Bo) LN (0,1),

where Hy) = £/ (ﬂmle) Similarly for the combined, individual-level data, we have 829" 2 3,
and VEOOI = (- nplool k:l &(1? (Bﬁﬁgl))_l 2, zrool(8y)~1. Then, we have

A d
Mot (VE™) (B2 — Bo) % N(0. 1),
which is our first equation.

The second step is to show nléil(erd) 12(3ted — gg) 4 N(0,1,).

Let us first consider the case where the information matrix Z(¥)(3) is the same for all data sets
(and then follow with the case where Z()(3) differs across data sets). Let Z(8) = Z()(8) for all

k. In this case, Z(B) = ZP°°'(3). Using the property that for all k, —iﬂgc) 2 Z(Bo), we have

D 1 D
(SCaw) " ay. Zkgj 2y, (20)
k=1
and we can use this property to show the consistency of ﬁfﬁ‘fe Let py ; = Z - . We have
k=1
A 2 ) L S v () [ Ak
|85 =], = | (X 75) (7 (60 - o))
k=1 k=1 2
S S N S BpE)
=|Xhe [((XHE) Y (B - )]
j=1 k=1 Pr.j 9
. Ao L
Szpn,j' [(ZHB ) Hg A (IBm]e /30)] :Op(l)’ (30)
j=1 k=1 Pr.j 2
op(1)

where we use the properties that ,Bmle 2, Bo, 0 < pnj <1 and D is finite.

Since observations between data sets are asymptotically independent, we have (n}/ 2 (ﬁl(nl)e —

[5’0), é/Q (Bmle Bg) . 1/2 (,Bmle ,@0)) jointly converge to a normal distribution, and for any
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j # k, n1/2 (Bmle ﬂo) and n1/2 (Bmle ,60) are independent. Using npoo = Zszl ng, we can

fed
decompose npoo1 <5n?1e — ,60> as

(388 - ) =S () A - )
j=1 = ,
5(7)

For the term E,%.) in the bracket, from Eq. (29) and Slutsky’s theorem, we have

d

£9) % & LN(0,Z(Bo) 7).

1/2

Let us consider the multiplier p, ;

;6711/ ]2 — p]/ 2, where p; is defined in Assumption 2. Therefore, from Slutsky’s theorem and the delta

If Assumption 2 holds, then this multiplier converges, i.e.,

method, we have
1/2 [ Afe d _
p{)ol( Ifn(lie - /60> - N(O’Z(IBO) 1)'

A more challenging case is when Assumption 2 is violated. As a result, p,, ; may not be a convergent

sequence. We need to use the almost sure representation theory (Pollard, 2012). From the joint

convergence of £n] , le., (5,(111), e 7(11;)) 4 (€M), ... £P)) the almost sure representation the-
ory asserts that there exist random vectors ( 7(111)*, S 7(5))*) and (€W* ... ¢(D)*) with the same
distributions as ( %11), e ,555,)) and (€W, ... &), respectively, such that ( %11)*, cee ,(f;)*) &2,
(€M* ... £(D)*) Then we have the following decomposition:

D D

Zﬁ:ﬁ . 57(%)* — Z 5L/2 e Z 51/2 J)* I

=1 =1 ‘—f—’

a.s. 0
For the first term in this decomposition, we have
D

D
ZJ/Q ) dN(o,Zm,j-I(ﬁorl)iN(Oﬂﬁ())‘l)a
j=1

using the properties that £€@* is independent of £®)* ¢U* follows a normal distribution with

variance Z(Bp) !, and E 1 Pny = 1. Left multiplying Z(8 )}/2 in the above equation, we have

Z(Bo) WZ o2 €97 4 N (0,1y).
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Using the property that ( 5111)*, cee 5};) ) and ( n1 o ,SnD ) have the same distribution, we have

nl - T(B0) 2 (Bl — Bo) £ Z(Bo) P22 €9 b (0,1,
7j=1

Using the property that (Vf;’d) = Z; 1 Pn,j ( g)) I(,@o) (where we obtain erd by sample
size weighting), from Slutsky’s theorem we have

1/2 5 d

nla (VED V2B — Bo) & N (0,1). (31)

This recovers our second equation in the case where Z(!)(3y) is the same for all k.
Next, let us consider the case, where Z(¥ )(ﬁ) varies with the data set. In this case, we assume
Assumption 2 holds. Using the property that n—lkﬂgg) 2 gz (Bo) and the definition ZP°°!(3,) =

ZkD:1 pkz(k) (Bo), we have

D D

1 (i) _ 1y ) _ ool
Hy' == —57—TY(80) + 0p(1) = =I7°*(Bo) + 0p(1).
E:f;1nk;g; ? j= 1§:k 1% ' ' ' "
N .

Pn,j
Since || ZP°°(By) ! 'I(j)(,@())HQ < M, we have
D

oL 1 B
() B L oty 20,

k=1 I

and we can show the consistency of ,Bffl‘lie

property that HIPOOl(,@ )1 I(] (Bo) H2 < M. For the asymptotic normality of ,@fed since

mle’ ZkD:I g
converges to some constant for all j, using Slutsky’s Theorem and the delta method, we have

following the same procedures as Inequality (30) using the

o (A - ) = () e - )

J 1 pn,j

( ij Ipool -1 I(])(BO) (j)(ﬁo)—l.I(j)(lgo),l'pool(ﬂo)—l) iN(O,IpOOI(BQ)_l).

: (rfed) 1 N 7 (3)) 1 j 00
Using the property (V)™ = 37, - (V') ™ = 7% pZ9(80) +0,(1) = 7 (Bo) +0,(1),
(31) continues to hold, and we finish showing the second step for the case where Z()(8y) varies
with k.

The third step is to show n'/2 (VpOOI) 1/2(gfed _ g 4 N(0,1;). From the second step, we

po ol mle

have shown that np ool (5fed — Bg) - N (O,IPOOI(ﬁO)_l) holds regardless of whether Z() (Bo) varies

mle
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with k. From the first step, we have ﬁ\?go‘“ 2 77P°°l(By)~!. By Slutsky’s theorem,
poo

2 (V) TV (BEL — Bg) & (0, 1)

pool

which completes the proof of the third step.
The last step is to show n; /2 (erd) 1/2(8P°_ 3y) 4 A(0,1,). We have shown that (V%d) !

mle

7P°N(By) + op(1) in the Second step. Using this property, together with the first step, we have

W12 (Visd)=1/2(gpoet _ g) 2 N(0,1y).

pool mle

This recovers all four steps and therefore concludes the proof of Theorem 1.

E.3.2 Proof of Proposition 2

Proof of Proposition 2. We can show Proposition 2 following exactly the same steps as Theorem
1, but with Z®)(3) replaced by (A4)) "B (AS)) "1, where the definitions of Af}) and B}’ can
be found in Table 1. O

E.3.3 Proof of Proposition 3

B)  A®)

Proof of Proposition 3. Since the nonzero blocks ABS,Bs’ and A(;)k) (k) 1D AP2d(k) can

st st
be consistently estimated, AP?d(5) can be consistently estimated for all k. Under Assumption 2,

pr can be consistently estimated. Hence, our pooling procedure provides a consistent estimator
for AP (and similarly for BP°°'), where AP°°! is defined as AP = S0 | pp AP2d(K) (and BPoo!
is defined similarly). In the case where the outcome model is correctly speciﬁed (Condition 8),
Apool — gpool

Let BPOOI be the estimator that maximizes the likelihood function £EO:L (BP°°!) for the combined,
individual-level data, where the true parameter is BPOOI We have

1/2 (ﬁPOOl _ POOl) _>N( (Apool)lepool(Apool)fl)'

pool mle

Recall that /75 (8L, — B5") % N(0,(AM)TB®A®)1) and ~HY /ny & A®. From
Slutsky’s theorem, we have n, et = | k) (Br(n ,6 ) — ./\/(0 Bk ) and then we have

1/2Hpad k)(ﬁpad pad )—>N( Bpad ))

mle

using the property that —I:Igad’(k)/nk 2y Aradi(k)  Moreover, we have

Tpool - T, -1/2 ( Z Hpad ) Hgad (k) (BIIES:UC) _ gad,(k)) i> N(O, (Apool)lepad,(k) (Apool)fl)’

7j=1

65



which follows from ——— 2P PO — 2D gphed@)yy BsaD ) ApadiG) — Apeol

Tpool pool
from Assumption 2.

Note that we have the equality that I:Ipad’(k) gad’(k) = I:Igad’(k) ool Thig equality follows from

the fact that for all the nozero entries in BpOOI gad’(k), the corresponding columns in Hgad ) are

1
0. Then, we can decompose B5°” as

-1
pool pad,(J pad (k) ppad,(k)
S g

k=1
Now we are ready to show the asymptotic distribution of ,érffl?e:
/ % n e pad (k) ( Apad, (k) ()
1/2 f d pool pool pad,(j ~rpad,(k) /1 Apad,(k pad,(k
npool ( rflle ) Z 1/2 1/2 < Z H > Hﬁ (/Bmle - BO )

k=1 pool

iﬂ\/< Apool (ZD:p Bprad, k:)) Apool)—1> gN@’ (Apool)—1Bpool(Apool)—1>_

k=1
1/2 ( 4 1 1/2 1 1 . .
Hence, we have npé 01( Iffl‘ﬁe — ,6800) = pé o (,61232 boe ) Our pooling procedures provide

consistent estimators for AP°°! and BP°°!. Then, we follow the same procedures and can show
that the four steps in the proof of Theorem 1 continue to hold (even with a misspecified outcome
model). O

E.3.4 Proof of Proposition 5

Proof of Proposition 5. Since we have model shift, the MLE estimator satisfies
— (k

In this proof, let H*)(3) = S, 8385T log f(Y; k)]ng), Wi(k),,B). From the mean value theorem,

on each data set k, we have

1 . o . 1 . 1
= &) (3k) (k) _ gy _ L (k) ak)
(nk enk (Bmle)) (IBmle 0 ) - n enk (50 ) + OP(\/@>,
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and the above equation holds with £ (3%.) replaced by £y, (85"). Since HY = £ (8'%)) for all

k, we have

D
S () (B, - 57

Npool =1
D
1 : . _
-3 <£7(112)(ﬂ(()k)) i) (8 — g )> A
pool =1
1 . X ; . . 1 o
—— > (@) ~ 808 - 887) — (- S ED(B)) 8" + 0p(npeit)
npool k=1 npoo] =1
1 L 1/2
_ (k) gy _ 5R) (3% . -
- kZ (£0)(3%) — i%)(8%) - 8 <np001 Zﬂn] 8)8" + op(np1?)
1 1/2
== —— DB + op(nyuld),
Npool =1

where the first equality follows from that p, = lim ny,/npe1 is bounded away from 0 and 1, the second
equality follows from the assumption that Z\9)(3) not depending on 3 (recall K,(f]) (B)/n; 2 70 (3)),
and the third equality follows from the assumption that dgf )(ﬂ) — 70 (B) - B not depending on 3
(recall K%J]) (B)/n; 2, déj)(,@)). Hence we have

()~ () S [ - )

-5,

following Eq. (26) in Appendix E.1, AP%°l(3*) = Zszlka(k) (B*), and
Brool(3*) = Zszl piE [E(k (B*)E(k (B*) ] under Assumption 2. We then complete the proof of
Proposition 5. 0

Zenk ) 1/2 Zenk ﬁ* +Op )i>N(O’Apool(ﬁ*)lepool(B*)Apool(ﬁ*)fl)

n
pool 1

E.4 Proof of Results for Federated IPW-MLE in Section 4.2
E.4.1 Proof of Lemma 1

Proof of Lemma 1. Suppose the propensity model is the same across all data sets. Let us first show
the asymptotic distribution for ,éipw_mle when the propensity is estimated. We parameterize the
propensity score as pr(W;|X;) = e(X;,7), and the corresponding maximum likelihood estimator is
denoted as 4. Furthermore, we denote the likelihood of W; given X; and v as f(W;|X;,~), and
then we have e(X;,v) = f(W; = 1|X;, 7).

It is possible for e(x, ) to be misspecified (Condition 7 is violated). In this case, under regularity
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conditions in White (1982), 41e is consistent and asymptotically normal:
. w d
\/ﬁ(’)’mle - ) — N(Oa V’7)7 (32)

where 4* minimizes the Kullback-Leibler Information Criterion between the true model and the
parameterized model e(X;,v*), and V., = A;,}B.Y*A;*l. A, is A, evaluated at v* with the
definition of A, provided in Table 1, and likewise for B

Note that Bipw—mle satisfies the first order condition of the objective function (4). With proba-
bility approaching one, we have the mean value expansion of the first order condition (or score) at
Bo of:

\/~ Z Wi eg XZ) Wi, ﬁO < Z Wi,e Xz: Wi, ﬁ)) \/ﬁ(/éipw—mle - /80)7

where gi = g(XiaWiw@O) = Ing(Y’Xqu’/BO) (XMVI/’L?B) aﬂaﬁ‘r Ing(Y|XlaWu:6) with
B lying between Bipw_mle and ,80, and w; ¢ = é(xv) + T(x) for ATE weighting or w; s = W; +
15(5(%&) (1 —W;) for ATT weighting.

By the uniform weak law of large numbers, we have

Vi (Bipwmie — Bo) = —Ag <\f sz egz> +0p(1),

where Ag) o = 1 Zz 1 Wie (XZ, Wi, Bo). The next step is to use the mean value expansion on

ﬁ > i1 @iei at ¥*; we have

1< 1< dw;

1,e
T Dl = =) e 4B
\/ﬁz‘:1 \/ﬁizl\ﬁ_}{_—’

) [Vime ) + 0,0

Oy =y

0 e . . . .
where wa’ . is the first order derivative of @i, With respect to v evaluated at 4*. In order
Y="

to show the asympototic distribution of ,éipw_mle, we need to show the asymptotic distribution of
ﬁ >, wiei- We analyze the leading terms in the above equation one by one.

Wi 4 1-W,
Xiy) | 1—e(Xiyy

Let us first consider the ATE weighting. In this case, w; = o ) and

awi,e-,

oy

_ Wi 0e(XiyT)  1-Wi 9(1 —e(Xi,v"))
r=7" (€7)? vy (1—ef)? oy 7

where e} = e(X;,~*). Under Asssumption 1 and the asymptotic distribution (26) in Appendix E.1,

we have
) . TR
Vi (me —¥°) = AL NG ;di + op(1)

where A+ is A, evaluated at v*, the definition of A, can be found in Table 1, and d; is defined
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as
el oy 1—ef oy

which is the first order derviative (or score) of the binary response (treatment variable W;) evaluated
at v*. If e(X;,7y) is correctly specified, we have A+ = E[d;d,]. Using W;(1 — W;) = 0, we have

((9Fiey — _Wiq. — w2y = 1-Wigq.
W] ) = i 0w (P | ) = 2 di Therefore
0w; e T W 1-—W:
Ble( 57 ) | =BG =)l
& 87 y=* 6: + 1— 62‘ &i ¢

k;

Collecting terms together, we have shown

58— At [ LSk EkdTlAZl. LS,
\/ﬁ(ﬁlpw—mle /60) - ABQ,W(\/ﬁ;kZ E[kzdZ ]A’Y* \/ﬁ;dl> +Op(1). (33)

Since the standard unconfoundedness assumption holds (stated in Section 2.1), the randomness of
k; comes from the residual in Y;, and the randomness of d; comes from the residual in W;, and
we have k; uncorrelated with d; for any ¢ and j (including the case where i and j are the same).
In addition, observations are i.i.d., k; is uncorrelated with k;, and d; is uncorrelated with d; for

i # j. Then, we have

VTﬁ,ipW-mle,é = A,[;ol,w ( E [k’k:] -k [kld:] V'Y E [dlk;r] )AB()17W’
S—r — SN——
Dﬂo»w CEOVW Cgo,w

where V., = A_;*IB,Y*A;}. If e(X;, ) is correctly specified, we have V., = E[d;d,/ ]! = A,;Ol.

If we use the true propensity score, then

1< 1 <
—= Z Wie8i = —— Z @8 + 0p(1)
Vi v

and
T | T A -1
Vﬁ7ipw_mle7e - Aﬂ07w E[kaz :| A/B()?w.
Dﬁo»w

Next, let us consider the ATT weighting. In this case, w;. = W; + %(1 — W;) and

i 1 - Wi 9e(Xiv")

Oy ly=y (1—¢)* v
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Using W;(1 — W;) = 0, we have 8?:“’ = — lligl d;. Therefore,

*

Y=
E[g-(awi‘” )T} - —E[ L=Wi, dT]
N Oy =y L—er =
h;

Jipw-mle,é takes the form of

If the propensity score is estimated, then VZ,

T

B,ipw-mle,é

—A5 - (Ekik/] ~E[hd|] Vo E[dk/] ~E[kd]] V,E[d:h]] + E[hd/] Vo E[dh]] ) A5,
—_———  —— —_———— ~— —_———  —— ———
Dgy,w Cay,w,1 Cgo,wﬂ Cay,w,2 Cgo,ml Cpo,w.2 Cgo,wg

where V., = A;*IB,Y*A;}. If e(X;,7) is correctly specified, we have V., = E[d;d]]™! = AL IE

we use the true propensity score, then

B,ipw-mle,e Bo,@ Bo,=*

\ = A5 _E[kk/]AG
——

Dy,

E.4.2 Proof of Theorem 2

Proof of Theorem 2 . In this proof, we show the results for the federated estimators where the
estimated propensity is used. If the true propensity is used (Condition 4), we can follow the same
procedure to prove the results for this case. Our proof of Theorem 2 consists of showing the

following four equations

L. ”éﬁﬂvg?gimle,é)’l”(Bﬁg‘if_lmle - Bo) 4, N(0,1y)
2. n;éil(vggﬁtv_mle@)ilm (ng(z,(v)_lmle - Bo) i) N(0,1y)
3. nét/)il(v,fg,cilg;v-mle,é)ilm(Bifggv-mle - Bo) LN (0,I4)
4 2V ) 2B e — Bo) S N 0,T)

Similar to the proof of Theorem 1, we need to consider two cases in this proof. The first case
is the information matrix Z(*) (B) being the same for all data sets, in which case Assumption 2 is
not required. The second case is the information matrix varying across data sets, in which case we

require Assumption 2.
The first step is to show n/? (vpoobt )"H2(3P0 3) 4 N(0,1;). From Lemma 1, for

pool B,ipw-mle,é ipw-mle
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the combined data (that can be viewed as a single data set), we have

Apool 14
ﬂipw mle %BO’

m(/éili)(i?}mle '80) _>N(0 Vﬂo ipw-mle, e)

where VZ_,O ipw-mle,¢ 15 the asymptotic variance (see Lemma 1 for its expression). From the law of
large numbers and the consistency of ﬁﬁ:ﬁmle, we have Vgol(;)lvj mle.é be a consistent estimator of
V;1 pw-mle,é" Hence, by Slutsky’s theorem, we have
1/2 ,xrpool,f —1/2/ Apool d
npool(vﬁ,ipw—mle,é) / (Bipw—mle - 160) - N(()’ Id)‘

The second step is to show the second equation (i.e., n}lj{)il(vg}fgv_mlevé)_l/ 2(3&%’}mle — Bo) LN

,I4)) for the case where the case where , is the same for all data sets (and we do
N(0,1)) for th here th here VG 1 s th for all data sets (and we d

not require Assumption 2 to hold).

For this case, we drop superscript k& for notation simplicity. In order to show the second equation,

fed,t

B.ipw-mle,e Siven what we have in the first step.

we start with showing the consistency of B.fed and 'yrﬂ‘ii

ipw-mle
‘ = 0p(1) in Inequality (30) (in the

and 'S/Ifﬁﬂ}

we need to additionally show the consistency of \Y%

fed,
To show the consistency of V 1pW mle.é”

We can follow the same procedure as the proof of H Bfffe — Bo

proof of Theorem 1) to show the consistency of Bfg‘viv mle

In more detail, for Bffi?v mle

(k)

3,ipw-mle

(recall we use Hessian weighting to pool ﬁ denoting the

ipw-mle’

Hessian on data set k as H and pp ; = =),

D
Zk:l Nk

D D
Z H k, ipw- mle) ( Z H klpw-mle 1(pw-mle ﬂO))

ot e ], = |

2 k=1 k=1 2
3 () O 1 j
- % o ( 3 _
< Pn,j H (Z Hﬂ,ipw-mle) H,@,ipw-mle ’ P : <51pw mle /30) - Op(l)a
=1 k=1 "] 9
op(1)
where we use the property that (Zk 1 H 1pW mle) I g)ipw—mleﬁij 51, (which can be shown in

the same procedure as Eq. (29), where we additionally use the consistency of é(k)). Therefore we

finish the proof of the consistency of Bfg‘viv_mle

Next we show the consistency of viedt

Bipw-mle.é- Recall from Table 3 that in the estimation
of Vfﬁe?p];, mle,or We luse Ag;,ég;,Dg;,Ag@), and ng) (for ATT weighting, replace Cg?ﬂ by

ng) C,(Gk) 2) which are estimated using 44 and Bfed. By the uniform weak law of large numbers,

w,l?

all these quantities are consistent. Using exactly the same proof that showed Bfgi_mle 2, Bo, we
can show the consistency of A,fgegﬂ, Cfﬂ‘“%ﬂ, D,fae‘;, Aged, and ]gged (for ATT weighting, replace Cgﬁlﬂ
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by C%‘}ﬂ 1 Cged 5). Then, the consistency of er can be shown:

B,ipw-mle,é
Crfed,t __( A fed fed “rfed fed
Vﬂe,ipw—mle [ (A 3 ) (D 3 Mﬁeﬂﬂ ‘)’) (A 3 )
1 - T
_>A,30, (Dﬂoﬂﬂ - Mﬂm )A,Bo, V,@Q,lpW mle,é’ (34)
where M%(}D ~ is a smooth function of C%‘;, Ade and Bfed for ATE weighting, and M%‘}ﬂ ~ is a
smooth function of Cfﬁe(; 1> Cfﬁeeﬂ(ﬁ, Afwed, and Bged for ATT weighting.
fe

Given the consistency of V we have recovered the second equation:

B,ipw-mle,é’

n1/2 (vfeq,T A)_1/2(BPOOI _ ﬁﬂ) i) N(O,Id)

pool B,ipw-mle,é ipw-mle

The third step is to show the third and fourth equations together for the case where the case
where VE; ) . is the same for all data sets (i.e. n1/2 (viedt )G 3h) 4 N(0,1y)

Jipw-mle,é pool\ ¥ B ipw-mle,é ipw-mle
1/2 1 1/2( Afed : : 1
aAnd ”pom(VEOf;vf mles)” / (l@igw_mle — Bo) % N(0,1)). Given the consistency of Vgol‘;wj mlee and
V,fgfilptv_ml P (from the proofs of the first and second equations), if we can show ,Bifggv_mle converges to

1/2

o in an asymptotic normal distribution with the convergence rate n and asymptotic variance
Y g pool Y

with the asymptotic variance Ay then by Slutsky’s theorem, we obtain the third and fourth

B,ipw-mle,é’

equations.
Since observations between data sets are asymptotically independent, we have that ( 1/2 (,@f;v)v_mle
Bo),n 1/ 2 (glpw e — B0), - gz( w-mle — Bo)) converges jointly to a normal distribution, for
1/2 2 .
any j # k, n; / (55;&/_11118 ,80) and nk/ (,Bl(pv)v mle — ,60) are independent, and

D
e ~ or(J 1
11){3)1 (Blfrg-mle ) Z 1/2 [ Z Hg{jzpw mle) 1H,(6j,)ipw—mle Zan j 1/2 (’Blpw mle BO) :| :

k=1 ’
iy d
::gﬁfj) —N(0, VZ’O ipw-mle,e) from
(Z g <k) )71H(]) —)I and Slutsky’s theorem
k= 1 B,ipw-mle B,ipw-mle p d Y

We can use the almost sure representation argument, as in the proof of Theorem 1, to show

D D
A1/2
g b, ] _>N< ) E pn,jVTﬁo,ipw—mle,é> - N(O VBO ipw-mle, 5)

j=1 J=1
and the asymptotic distribution of ,é'ifggv_mle

;(/)il (ﬁlfggv—mle ’80) _> N<0 Vﬂo ipw-mle e)
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By Slutsky’s theorem, we finish showing the third and fourth equations,

”Ilaéil(vgfiigzv-mle,é)_l/z(Bifggwmle Bo) SN (0 (0,1z)

”zlaéil (vlpi(,)i?aléj-mle,é)_m (Bifggv—mle ~ o) SN (0,1z).

The last step is to show the second to fourth equations for the case where V(ﬁo) ILW mle.é differs

across data sets under Assumption 2. Based on what we have from the first case, we only need

to additionally show that Bfggv mle and Vfﬁe?p];v mleé A€ consistent and Bfggv mle 1S asymptotically

(k). 1

B,ipw-mle,é

Recall from our federation procedure of the IPW-

even when V differs across data sets.

Let us start with the consistency of ,Bifggv_mle.

MLE estimator that we first estimate the propensity model on the combined data and use this
on each data set. Then, for the ATE weighting,

.I.
normal with variance VB ipw-mle,é

federated propensity model to estlmate Blpw mle

the asymptotic distribution of B satisfies (ATT weighting can be shown analogously with a

ipw-mle

similar equation):

Mpool
1/2(,81(§w—m1e ﬁO) — (A 2.;0 w ( 13 2 Zk 1307 (Apool) . A}/}? 1/2 Z d; ) + Op

pool =1
(k) (k) (k) ool . (k) (k) -1
_>N< (A Bo,w )" (Dﬁo, a Cﬁo w Vp ° C,@o, )(Aﬁo,w) >

given Assumption 2, where the definitions of k and d; can be found in the proof of Lemma 1. Note

that we have Héa ipw-mle/ Tk 2, A( ) . Since B

A and therefore (X2, BS) )7 e 7y <A§;3?;>—1A<’“> Given the assump-

: ! ® %) 1) _
tion H A,gzow) 1A H < M then (Zk‘ 1 ,3,1pw mle) H,[;,ipw-mle pn] (’Blpw mle '80) - Op(l)

afed fed
IBiSW—mle - 180 9 H?le

: D (k) p
ipw-mle 1S consistent, we have ) ;4 H B.ipw-mle /Mpool =

P .
— o can be shown using

continues to hold, and therefore ‘

= 0p(1) (where 4
exactly the same proof).

Lastly, we show the asymptotic distribution of ,éifggv_mle. Using (ZkD 1 chzpw mle) Hg)lpw mle

ﬁJ 2, (Ag;?;)*lA(ﬁ? —» we have the following for ATE weighting (with similar arithmetic for ATT

weighting):
/ 12 NR ) ey () 1 /2 (30
n1/2 ( gled .1/2 o ( 1/2
Mpo0l (ﬁlpw—mle - /60> == an,j |:( Z Hﬁ,lpw mle) Hﬁj,ipw—mle ’ E n; (ﬁlpw mle 'BO)]
j=1 k=1 ™
Ly 12 1 & ) 1 1/2 o
_ ADPo° N .V . POONN—L 5 .
- ﬂo, Z (nl/Z Zk’ Cﬂmw (A‘/* ) n,j 1/2 Z d; ) + OP
=1 Npool i=1
(A%OOI ) Mpool 7’1,] (J) , Mpool
_ 0, poo
Rl DI (zlnpoolcﬂo,w) (A3 ) o,
poo J

(oA (DB - Ot Ve Ot ) (AR ) N0 Vhipwmes):
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We have hence shown the asymptotic distribution of B.fed

ipw-mle’ which completes the proof in the

second case. O

E.4.3 Proof of Proposition 4

Proof of Proposition 4. We can follow the same approach as Proposition 3 and Theorem 2 to show

this proposition; details are therefore omitted and available upon request. ]

E.5 Proof of Results for Federated AIPW in Section 4.3

Proof of Theorem 3. In order to prove Theorem 3, let us first review some properties of 78PW

estimated from a single data set. If either the propensity or outcome model is correctly specified,

Taipw 18 asymptotically linear (Tsiatis and Davidian, 2007),
n
Vit~ 70) = = 3 6(X0 Wi Yi) + 0(1) % N0, V), (35)
VS

where ¢(x,w,y) is an influence function that satisfies E[¢(x,w,y)] = 0 and V, = E[¢(x, w,y)?] <
0o. Suppose the score function of s(X;, W;,Y;) can be parameterized by 6, with the true value being
0p; then, the treatment effect 7y can also be parameterized, i.e., 79 = 7(6p), and 79 is differentiable
in 6. From Newey (1994), ¢(X;, W;, Y;) as a valid influence function connects 79 and s(X;, W;, Y;|0)
via
97(6o)
00

Now we are ready to show Theorem 3. We aim to find a valid influence function that satisfies

= E[o(Xq, Wy, Y;)s(X, Wi, Y;]60)]. (36)

the equality (36) on the combined data and then we can use this valid influence function to provide

the asymptotic distribution of 7% °l and 7fed

alpw aipw- Lhe population treatment effect and score function

on the combined data set satisfy the following (recall that p; = lim nnj - as defined in Assumption
poo.
2):

A

=

Il
[]=

S

<.
Il
-

SPOOI(XEk), Wi(k)’ Y'Z(k) |00) _ ]l(k‘ _ ])S(J) (ng)’ W/z(k)? Y'Z(k) |0(()J))

e

Il
—

J

Let a candidate influence function on the combined data set be

)

D
¢P001(X£/€) k) Y(k Z]l _] ¢(J X(k) Wz( )7y(k)).
7=1
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This candidate influence function satisfies E[¢pP°°!(x, w, y)] = 0, E[¢P°°!(x, w, y)?] < oo,

¢pool(ng)’ Wz(k)’ }/z(k)) — ¢(k) (){Ek)7 Wz(k)7 }/z(k))ﬂ (37)
and
D (4) D
or(0 or(0 . . ) . )
8(90) =S p 8(0(3) ) _ S pE[D XD, WO yO)5xD, W, v 9)99)]
j=1 j=1

E[qprOI(Xi, W, Y; spOOI(X@', Wi, Y2|HO)] ’

i.e., equality (36) holds for ¢P°°/(X;, W;,Y;), and therefore, qprOl(Xl(-k), I/Vl.(k), Y.(k)) is a valid influ-

)

ence function. Based on this influence function, we have

nl/2 (7Peol _ ) 4 A7 (0, Vool

pool \ "aipw

. . 1 .
where the asymptotic variance VPO gatisfies

D
VEOO] -F [¢p001(X§k)7 VVZ(k), Yz(k))Q] — ijE [(b(J) (Xz(k) k) Y ijv(k
j=1

using the property that 1(k = j) - 1(k =1) = 0 for j # [, where ng) is the asymptotic variance on
data set k.

VPl ig consistent from Lemma 2 and the definition of VP, and from Slutsky’s theorem, we
have

n1/2 (V$001)71/2(7A_p.001 —70) i>/\/'(0, 1).

pool aipw

For the case where ¢(X;, W;,Y;) varies with the data set, the federated treatment effect 754

aipw

from sample size weighting in Section 3.3.2 satisfies

D
1/2 , ~fe 1/2
T (e = T0) =gy D~ Z¢ Y1) + 0,(1)
1 'tpool ng <
D ng
= 1/2 S5 o x B W v ) dop(1) B N0, VEC).  (38)
pool k=1 =1

The federated variance Ve from sample size weighting in Section 3.3.2 satisfies

D
Nk

ka(k) — Vpool’

T T

Mm
Mm

V.f,_Ed

k=1 P"Ol k=1 nPOOI k=1

where we use the property that V(k) LN V(k) from Lemma 2.
For the case where ¢(X;, W;,Y;) is the same across data sets, we have ool — vk _ V., for
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all k£ and for some V.. Then, the federated variance \Afﬁed from sample size weighting in Section

3.3.2 satisfies
D

Vil = (S (V)T B v

k=1

The federated treatment effect Ti‘fgw from inverse variance weighting in Section 3.3.1 satisfies

D
1/2 (Afed 1/2
npool(TaipW_ M h00l Z

k=1 k=1

D
=n!/? UL —70) +o0p(1
aipw p
k=

ool
p npool

(V- alpw _ TO)>

Mu

pool

1/2 nnkl sz pool k) (k) Y(k))+0 ( )i)N(O,VEOOI),
k=1 PO°

where the second equality uses Eq. (37).
For both cases, T;fgw is asymptotically normal, and Vﬁed is consistent. Then, from Slutsky’s

theorem, we have

1/2 (erd) 1/2<7A_p.001 . 7_0) i)]\/((), 1)

pool aipw
1/2 00 ~fe d
pc/aol(vp l) 12 (Tiigw - TO) _>N(O7 1)
ngo (VIO TV2(300 — 7) SA(0,1).
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